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CHAPTER I 
INTRODUCTION 
. 
A t  the  macroscopic l e v e l  t h e  i n t e r a c t i o n  of o b j e c t s  i s  an e a s i l y  
observed phenomenon. From such obse rva t ions  i t  i s  p o s s i b l e ,  u s ing  
Newtonian mechanics, t o  c a l c u l a t e  changes t h a t  occur i n  a system a s  
a r e s u l t  of t h e  i n t e r a c t i o n ,  I n  p a r t i c u l a r ,  t he  t r a n s p o r t  of mass, 
momentum and energy from one p a r t  of the  system t o  another  can  be 
c a l c u l a t e d .  It i s  p o s s i b l e  t o  do t h i s  fo r  two r e a s o n s :  (1) t h e  
ob jec t9  a r e  l a r g e  enough E O  be seen,  arid ( 2 )  a f i n i t e  time i s  
r equ i r ed  fo r  t he  Frocess  t o  occur .  This  can be demonstrated by 
cons ide r ing  a b a t t e r  d i s t u r b i n g  the  s t eady  s t a t e  of a b a s e b a l l  i n  
f l i g h t  from t h e  p i t c h e r  t o  the  ca t che r  by h i t t i n g  i t ,  The b a t  
impar t s  momentum and energy t o  t he  b a l l  and changes t h e  p o s i t i o n  of 
i t s  mass from home p l a t e  t o  the o t i t f i e l d .  These three q u a n t i t i e s  
a r e  t r a n s f e r r e d  t o  an o u t € i e l d e r  ( i f  he can c a t c h  the  b a l l  on t h e  
f l y ) .  By observ ing  the  f l i g h t  of t he  b a l l  one could c a l c u l a t e  the  
amount of mass, momentum, and energy t r a n s f e r r e d .  
A t  t h e  molecular l e v e l  we a r e  denied one of t h e  two advantages 
g iven  above. I n  the  s tudy  of molecular phenomena we a r e  b l i n d .  
However, because i t  does take  a f i n i t e  t ime f o r  t h e  m a s s ,  momentum, 
and energy t o  be d i s t r i h t e d  throughout the  system, i t  i s  p o s s i b l e  
E O  observe ~ ' n e  e f f e c n  of r'nese r r ans i e r s .  we caii ~ i i e  p r u p e r ~ i e s  ui 
t h e  gas which r e p r e s e n t  t he  r a t e  a t  which these  t r a n s p o r t  p rocesses  
take  p lace ,  t he  d i f f u s i o n  c o e f f i c i e n t ,  v i s c o s i t y ,  and thermal  
-- 
1 
2 
coriduc t Fvi  t y I e s p e c t i  ve ly 
The mecciamslr by wFzFc1.1 t h e s e  t r a n s p o r t  p rocesses  t a k e  p l a c e  i s  
molecular mation 2nd  col!isionse Ilr i s  t h e  purpose of t h e  k i n e t i c  
theory dt g+.!ees :o  r e l a c e  t h e s e  macroscopic p r o p e r t i e s  t o  t h e  i n t e r -  
a c t i o n  O L  t h e  F J I  I i i S e s  on a n(oLecLPEir l e v e l .  Thus,  one must under- 
s t a n d  the d p a m i c s  of. the crs l l i  s i o n  p r o c e s s ,  
the  kinetic t h t o r y  bega.rr w i t h  t h e  p i o n e e r i n g  1 The d t  veloyrnerrt 
work br  L i ~ t i i 3 ~ ~ ~ s ,  Maxwell, arid Boltzrnann i n  t h e  l a s t  h a l f  of t h e  
niiicteentri c e n t i i r y .  r r  i e d c h e d  i t s  f i r s t  p l a t e a u  of development w i t h  
the pub11 c L C - ~ !  I ) \ ,  Po l  t z r n ~ ~ i r  o f  h is  paper or! t h e  i n t e g r o - d i f f e r e n t i a l  2 -  
IC fi  t i ~ ~ p i c e n t  o r  t-lis d i s t r i b u t i o n  f u n c t i o n  which 
d t s ~ ~ i b e s  t.r,c , , a [ [  (,i t t i c  bas I r  developing t h i s  equat ion  Boltzmann 
c o n s i d e r e d  c o l i i  s i o n s  that- i ~ i v o l v e d  two p ~ ~ t i c l e s .  He was l i m i t e d  t o  
c o l l i s i o n s  o f  t b L 5  I U W  o rde r  because o f  ~ l , e  compiexity of t h e  
mathematics i t ~ v e L v e d  i n  t r e a t i n g  c o l l i s i o n s  of more than  two p a r t i c l e s .  
I n  s tudying  t h e s e  r o l l i s i n r l s  he u s e d  t h e  t o o l s  a t  hand, Newtonian 
mechanics. H i s  i n t t g r o - d i f f e r e n t i a l  e q d a t i o n  proved t o  be s o  
i n t r a c t a D l e  t h a t  i t  d e f i e d  s o l u t i o n  for f o r t y - f o u r  year s o  
The soll i t  i o n  ~ ) f  Bsltzmann's e q u a t i o n  was t h e  second p l a t e a u  i n  
t h e  development of  t h e  kj-net ic  t h e o r y  of g a s e s ,  T h i s  f e a t  was 
accomplished almosr s l w ~ l t a ~ e o u s i y  b  Chapman3 i n  England and 
Enskog' i n  Swt3dtii. 
t r a n s p o r t  ccie t I P C  I ~ I I L S  w h i c h  involved t h e  pzrarneter s of a c o l l i s i o n :  
t h e  angle of  d e l l e c t k o n ,  t h e  impact parameter ,  and t h e  energy of a 
T!it;, a r c  i v t d  a t  i n t e g r a l  e x p r e s s i o n s  f o r  t h e  
3 
A co l l i s io - r , .  They a l s c  introduced i n t o  the  equa t ions  t h e  important  
fundamental cancept  of a cr3ss s e c t i o n  fo r  a c o l l i s i o n .  It  i s  t h i s  
q u a n t i t y  which se rves  as a Sink between the  c l a s s i c a l  and quantum 
t.r e a tment 
Af t e r  the  discoverqr rjf qiiantum mechanics i f i  1925, i t  was 
recognized t h a t  Boltzmann's t rea tment  was an approximation i n  t h a t  
he had t r e a t e d  the c o l l i s i o n s  c l a s s i c a l l y .  I t  became necessary ,  
t o  niodif'y Bc?ltzma:in's work t o  t r e a t  t he  c o l l i s i o n s  
qua  L ilm m e  L ki5i;i ic ir 11;: 
i - . ~  o f  s c -a t t e r  i G . g  theory  using quantum mechanics 
i: :wre d i f f i c u l t  than  the sane problem t r e a t e d  
clsssiially. i . i >  the f i r  a t  p l ace ,  the  u n c e r t a i n t y  p r i n c i p l e  makes 
t h e  exac t  d e f i i i i t f o n  of such th ings  a s  an  angle  of d e f l e c t i o n  and 
an impact parameter imposs ib le ,  However, t he  concept of a c r o s s  
s e c t i o n  for  a c o l l i s i . o n ,  which i s  the  p r o b a b i l i t y  t h a t  a p a r t i c l e  
w i l l  be  s c a t t e r e d  i n  a given d i r e c t i o n ,  i s  c o n s i s t e n t  w i t h  t h e  
quantum p i c t u r e .  With t h i s  premise Uhlerlbeck and Uehling3 i n  1932 
(and l a t e r  Massey and Mohr ) r e c a s t  Boltzmann's s o l l i s i o n  i n t e g r a l  
i n t o  a form con ta in ing  the  c ros s  s e c t i o n .  C l a s s i c a l l y  t h e  c r o s s  
s e c t i o n  i s  a f b n c t i o n  of: t he  ertergy and the  ang le  of d e f l e c t i o n  and 
ha.; the  form 
6 
shift-  ( t o  be Jet r i I - r c T )  !or t h e  collisron, and 4 i s  P lanck ' s  
ciIncr,Artl d t \ i l c i , ( i  i ,  2~ ~ i ~ d  the square r o s t  Q f  twice t h e  reduced 
I L I ~ I S ;  0 1  tLt. L 1 i i d  ~ ~ 1 2 ,  p d r t i t  l e s  11 ,  i ilr- evetti t-hat t h e  p a r t i c l e s  
a r e  i d e n t i c a l  r t l e  P < J , ~ I  i p~ 111' Lpie  i e a d s  L O  a modi f i ca t ion  of t h i s  
expres s ion  \ I  t i t  t red tmerr t  of Ldciitl( a !  p a r t i c l e s  p o i n t s  ou t  t he  
second rnajoi il I + - f t . t e ~ > ~  t '  iltitweeii c l a s s i c a l  and quatiturn mechanics. 
I n  c l a s s i c a l  rcechar:ics t kit p a r c i c l e s ,  even i d e n t i c a l  p a r t i c l e s ,  
can be folldwed aiorig tk,(-Lr e r r t ~ ~ e  t r s j e - t q r i e s ,  In quantum 
mechar!ii:s the p i t i ~ l e s ,  L? t h e y  a l e  i d e n t r c a l ,  can only  be "observed" 
s e p a r a t e l y  b e f o r e  the  ~ o : ! i s i u n  a n d  then  a f t e r  t h e  c o l l i s i o n ) ,  
It is very tias);, ge.jrnccr~:.al?v, t o  pictvx-e e x d c t l y  t h e  angle  
o f  deLlectioCi ?t  1 c o ? l i s i o ! ~ ,  The phase s h i f t ,  whi le  a l i t t l e  
more J i f l ~ c u l t  t o  p i <  i c i r t  c i ~ : i ( p p c ; i 3 1 1 y ,  does have geometr ic  
s i g n i f i c a n c e .  1 1  dC i L n J G i l L t  rLaL the  *-oTlision t a k e s  p i a c e  w i t h  
one p a r t i c l e  f i x r d  and 1 I i t '  o ther  c o l l i d i n g  wi th  i t  ( t n e  one 
J 
5 . 
I 
dimensional  reduced ;: 1 ;  t-~ure) we m y  r e p r e s e n t  t h e  Lnconing p a r t i c l e  
ds a plane w s v e a  If the  s c a t t e r e r  exe r t ed  no e f f e c t  ( t he  p o t e n t i a l  
of  i n t e r a c t s c n  LS ze ro )  art t h e  rncoming wave, t h e  wave would pass  
through t h e  s c a t t e s  i n g  "center, For convenience,  however, l e t  us  
imagine t h e  " s c a t t e r e i i "  -,.e, e c s  expanded i n  terms o f  s p h e r i c a l  waves 
centered  on t h e  s c a t t e r e r ,  Now l e t  u s  suppose t h a t  t h e  s c a t t e r e r  
does e x e r t  some e f f e c t  on t h e  incoming wave, The e x a c t  n a t u r e  of t h e  
e f f e c t  $ > r i " Y  dc;-end, of course ,  03 t he  form of t h e  in t e rmolecu la r  
p o t e n t  i d l o  A g i i n  7 x 2  1 - 2 ~ ~  expand the  s c a t t e r e d  ( t r u l y  s c a t t e r e d  t h i s  
ijrrie) wave i r i  r ~f s p h e r i c a l  waves. I f  we compare these  two 
s e t s  o i  17ave3 ~ l l  a pc ' i~ :?  s i  t a r  from t h e  s c a t t e r i n g  c e n t e r  t h a t  i t s  
i r i f  l ~ ~ c l i - - e  i s  111 1 I J ~  weald find t h a t  t he  s p h e r i c a l  waves would no t  
co inc ide .  T h i s  i s  the  r e s u l t  of the  a c t i o n  of t h e  s c a t t e r e r .  The 
d i f f e r e n c e ,  i n  r a d i a n s ,  between the  
s c a t t e r i n g  c e n t e r )  cf t h e  scac te red  wave and t h e  
unsca t t e red  wave (both ve ry  fa r  from the  s c a t t e r i n g  c e n t e r )  f o r  t h e  
same l&' component of  t he  s p h e r i c a l  wave expansion i s  t h e  phase 
s h i f t  71 
been chosen;  t h e  n 
both  waves could have been used .  )~ 
nth zero  ( a s  caunted from the  
nth z e r o  of t h e  
(of ccxirse, t h e  ze ro  of the  wave f u c c t i o n s  need no t  have 
maximum, minimum, or any s i m i l a r  p o i n t  on t h  
Once an expres s ion  fo r  the c r o s s  s e c t i o n  had been der ived ,  it 
would seem xo be s t r a igh t fo rward  t o  c a l c u l a t e  t h e  phase s h i f t s  and 
hence the  t r a n s p o r t  p r o p e r t i e s "  However, no exac t  formula f o r  t he  
phase s h i f t  e x i s t s :  f n  geners l ,  and one i s  faced w i t h  the  chore of 
f i t t i n g  approximate methods i n t o  the  scheme, O f  course ,  one could 
6 
t h e s i s .  ' rhe  ~ t u ~ ~ c l z ~ ~ i c a i  ~ z r h o d  used i s  t h a t  due t o  C u r t i s s  and 
Powers 
14 
I n  t h i s  tbta ,qis  the  Cur Kiss-Powers expres s ion  fo r  t h e  phase s h i f t ,  
which grges  the phase c t ~ ~ f ~  as a s e r i e s  i n  pcwers of Planck's 
cons tan t ,  i s  extended t o  t h r e e  terms. Expressions f o r  t h e  f i r s t  
two moments of ttie c r ; ~ s ~  e c t l o n ,  Q'')and Q " ( t h e  s o - c a l l e d  
c r o s s  s e c t l o o  iLn  d i  i t i ~ , i o n  a n d  v i s c o s i t y ,  r e s p e c t i v e l y ) ,  a r e  then  
der ived  a s  po:,ir , e r i t s  i n  4 
considerat  J I  L IS  tilt? c,ideL L U ~  pxamete r  i s  changed f rom k: 
L O  the  4' term ( f o r  dimensional  
t o  de 
;IC Boer 's  dimer,sionless quaiiturn parameter A >.  From t h e s e  
7 
Jy4 1 )  f l h > d  
b expressicns t h e  omega i n t e g r a l s ,  and are obta ined ,  
aga in  as a series in 
. 
CHAPTER I1 
THE QUANTUM COKRECTZBNS AND THE TRANSPORT PROPERTIES 
The second quantum c o r r e c t i o n  t o  t h e  phase s h i f t  i n  a c o l l i s i o n  
between par t i c l e s  w i t h  s p h e r i c a l l y  symmetric p o t e n t i a l s  i s  obta ined ,  
idsing c k  method of C < x t i s s  and Powers." I n  t h i s  e x p r e s s i o n  t h e  
* 
p o t e n t i a l  i s  n o t  r e s t r i c t e d  t o  monotonic f u n c t i o n s ;  t h e  r e s u l t s  apply 
t o  .3 p o t e n t i a l  w i t h  an a t t r a c t i v e  minimum. The c l a s s i c a l  l i m i t  and 
t h e  f L : s ~  quantum correction: both  developed e a r l i e r  f o r  monotonic 
potentials, d.? e a l h o  1 e.lerivesl s o  t h a t  they  may be used w i t h  p o t e n t i a l s  
t i j r  .,i ~ t ~ i s i ~ i .  -J v i  5~ c - 1 ~ 1  t y ,  r e s p e c t i v e l y .  For p u r e l y  r e p u l s i v e  
p o t e n t i a l s  t h i s  i s  a ser ies  i n  . For p o t e n t i a l s  w i t h  a minimum 
t h e  s e r i e s  a l s o  contains terms i n  R 
f o r  
and t h e  quantum c o r r e c t i o n s  t o  t h e  omega i n t e g r a l s  and 
and d 3  
, i n  t u r n ,  a r e  used t o  o b t a i n  t h e  c lass ica l  l i m i t  
These e x p r e s s i o n s  
Q"' arid 96) 
. It i s  from t h e s e  q u a n t i t i e s  t h a t  t h e  t r a n s p o r t  p r o p e r t i e s  n ( z ,  1) 
a r e  c a l c u l a t e d .  
I n  t h e  case of 9" (and J -pA  ) t h e  e f f e c t  of s t a t i s t i c s  
on c o l l i s i o n s  between l i k e  molecules i s  a l s o  cons idered ,  It i s  found 
tha t  ( a d  t h c s  ) i s  n o t  modified by s t a t i s t i c s ,  a t  (2,4 
l e a s t  through terms of  ordex R 4  
8 
9 
E .  Quantum C o r r e c t i o n s  t o  t h e  Transpor t  Cross S e c t i o n s  f o r  
Repulsive P c t e n t i a l s .  
The m a t e r i a l  contained i n  t h i s  s e c t i o n  has  been publ i shed  
p r e v i o u ~ 1 . y . ~ ~  
t h i s  t h e s i s ,  
A r e p r i n t  of  t h i s  p u b l i c a t i o n  forms Appendix I of 
To p r e s e r v e  c o n t i n u i t y ,  however, a b r i e f  resume of 
/ 
4 
t h i s  paper i s  presented  h e r e .  
I n  d e r i v i n g  t h e  express ions  f o r  Q') and Q"', i t  i s  necessary  
Q'" t o  s t a r t  w i t h  t h e  e x a c t  quantum mechanical form of 
These a re  w e l l  knc37r. dnd were f i r s t  der ived  i n  t h e  form used i n  t h i s  
work by Kramers 
Q"' and 
Qh.' 'The higher  moments of t h e  c r o s s  s e c t i o n ,  
Q'y' e t c " ,  a r e  needed fo r  t h e  higher  approximations t o  t h e  
s o l u t i o n  of bc ltzmanri's equat ion .  The e x p r e s s i o n  f o r  was 
apparent ly  f i r s t  publrshed by Mason, Smith and Munn." A g e n e r a l  
express ion  f o r  Q" i s  der ived  i n  Appendix 11. 
and Q' a r e  Q f i )  E x p l i c i t l y ,  t h e  Kramers' e x p r e s s i o n s  f o r  
The Curt iss-Powers  se r ies  f o r  t h e  phase s h i f t  i s  
(2.1-3) 
f i )  (2 E x p l i c i t  e x p r e s s i o n s  f o r  yl a d  7' were obta ined  previous ly .  
The E U ~ ~ L -  -Elaclacrlr! appraximation may be used t o  t ransform 
t h e  smrl ever 1 Sn 9 ')ar!d ~ f i )  t o  an i n t e g r a l  over R p l u s  
c o r r e c t i o n  terms, 
t o  a n  in t eg iL i t io l j  over f- where 1 i s  def ined  as 
I n  a d d i t i o n ,  one t ransforms t h e  integral o v e r 1  
(2.1-5) 
It i s  a l s o  c m v e n i e n t  tc d e f i n e . t h e  fo l lowing  func t ions  
(2 .1-6)  
Explicitly these functions are 
11 
4 
1% 0 
X 
(2.1-7) 
(2.1-8) 
(2.1-9) 
(2.1-10) 
1 
¶ 
. 
x 
(2.1-11) 
where 
and 
+ i s  thi! etiective p o t e n t i a l  defined as 
(2.1- 12)  
0 i s  t h e  ir,terrliul;!ccllaz p o t e n t i &  The integration is 
ca r r i ed  g u t  c r e r  the r a n g t  ~ 7 f  gr such  that 
13 
In terms of t hese  functions and a r e  found to be b 
(2.1-15) 
-I 
. 
14 
+/14 
2. Quantum Cor rec t ions  t o  the Transpor t  CrcJ;s S e c t i o n  f o r  P o t e n t i a l s  
w i th  a M i n i m u m ,  
The e x i s t e n c e  of  a gaLgiII:Um i n  t he  pcf-ent ia l  i n t roduces  two 
compl ica t ions  i n t o  t h e  develspnierat of the cross s e c t i o n s  as o u t l i n e d  
_ _  
i n  t he  prev ious  s e c t i c c .  Lhe f i r s t  of  t h e s i  d i f f i c u l t i e s  a r i s e s  i n  
the  d e r i v a r i o n  of the ‘term5 i n  t h e  phase s h i f t  expansion, Eqn. ( 2 e l - 3 ) s  
Since  t h e  e f f e c t i v e  F o t e n t i l !  h a s  a. rriaximlin and a minimum for  
i n t e g r a t e  by p a r t s  {see P q q .  ( 5 7 )  of r e f e r e n c e  14) around t h e s e  
? .  
I. ‘1 
15 
p o i n t s  so t h a t  does n o t  appear i n  t h e  denominator of t h e  
in tegrands  ( t h i s  p o i n t  will be d iscussed  i n  Chapter V . ) .  Th is  
complication c r e a t e s  no g r e a t  d i f f i c u l t y  and t h e  f i n a l  e x p r e s s i o n s  
f o r  %h’ , 2” and t h e  f u n c t i o n s  der ived  from them 
(corresponding t o  those  i n  Eqns. (2 .1 -8)  through ( 2 0 1 - 1 1 ) )  are 
$’ 
I 
7?eh)= - a y
V 
Q 
( 2 . 2 - 1 )  
( 2 . 2 - 2 )  
L 
E- ,ial (2.2-3)  
( 2 . 2 - 4 )  
1 7  
(2.2-5)  
J , 
18 
. 
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+ 
+ 
I 
I 
( E -  
L 
+ 
I 
3 
(E- d9-3 
5- 
(E-  9y-T 
The l i m i t s  of i n t e g r a t i o n  f o r  t h e s e  f u n c t i o n s  a r e  d i s c u s s e d  
i n  Chapter V.  
The second compl ica t ion  i s  much more s u b t l e  and more l a b o r i o u s  
t o  overcome. The i n t e g r a t i o n  of 3fi' and rp(3' (and a l s o  t h e  
f i v e  func t ions  Eqns. (2 .2 -3)  through ( 2 . 2 . - 7 ) )  between and 7, 
( t h e  turn ing  p o i n t s  i n  t h e  w e l l .  See S e c t i o n  4 of Chapter V.) does 
n o t  give z e r o  a s  Y, - TI goes t o  zero.  That i s ,  f o r  a given 
energy t h e s e  f u n c t i o n s  a r e  d iscont inuous  a t  a v a l u e  of b such t h a t  
T2 = Ti . I t  becomes necessary , '  then, t o  modify t h e  use of t h e  
Euler-Maclaurin approximation t o  t a k e  t h i s  d i s c o n t i n u i t y  i n t o  
account"  
The d i s c o n t i n u i t y  occurs ,  i n  g e n e r a l ,  f o r  some non-integer  
va lue  of ,( , which s h a l l  be def ined  as 1' . 
t h e  f i r s t  i n t e g e r  l e s s  than  1' and thus  a+/ i s  t h e  f i r s t  i n t e g e r  
g r e a t e r  than  1' a With t h e s e  d e f i n i t i o n s  i t  i s  p o s s i b l e  t o  wri te  
The i n t e g e r  U i s  
Q" a s  
(2.2-8) 
22 
I f  t h e  d e f i n i t i o r r  of Eqn. (2.1-5) i s  used t o  d e f i n e  a n  1 ' , 
Eqn. ( 2 . 2 - 8 )  can be w r i t t e n  
. /  
where 8;' i s  
(pR(IL +- + -  I 
a (2.2-10) 
Q (2) This  procedure g ives  fo r  
f L' 
23  
where 
(2 .2-12)  
The Eulec-MaLlaurin terms a t  I =  SA? f o r  Q‘/’ L=$J 
Qr+’ ~ a n d  ,! = Qo fo r  €or  both,  a r e  eva lua ted  i n  t h e  same manner 
as fo r  t h e  monotonic p o t e n t i a l  and t h e  same r e s u l t s  are obta ined .  
For  t he  f r i t e g i a l s  i n  the  range ((a- f)R, 1 .) Q f / ?  f o r  
i t  i s  n e c e s s a r y  t o  expatid the  i n t e g r a l s  about 
l e f t  hand  l i m i t )  a s  they were expanded about 
l’G’ ( t h a t  i s ,  t h e  
f o r  t h e  L= 0 
24 
monotonic p o t e n t i a l .  Ekewise ,  fo r  the  i n t e g r a l s  i n  t h e  range  
fo r  Qc" and t h e  Euler-Maclaurin terms eva lua ted  a t  (&+?)l 
fo r  a d  (n +I>R f o r  Qfi' , i t  i s  necessary  t o  expand 
( t h e  r i g h t  hand l i m i t ) .  The e v a l u a t i o n  1 the  in t eg rands  about  
of t h e s e  terms i s  c a r r i e d  out  i n  a manner s i m i l a r  t o  t h a t  f o r  t he  
monotonic p o t e n t i a l  i n  Appendix I and a r e  not  r epea ted  he re .  
ilie terms e x t r a c t e d  f r m  the  sums i n  Eqns. ( 2 + 1 - 1 )  and (2.1-2)  
a r e  t r e a t e d  i n  a s l i g h t l y  d i f f e r e n t  manner. S ince  t h e  phase s h i f t s  
involved i n  the  d i f f e r e n c e  a r e  on d i f f e r e n t  "s ides"  o f  t h e  d i s -  
c c n t i n u i t y ,  L L  i s  impccsible  t o  make t h e  same type o f  expansion a s  
Is u s e d  L I L  E q u .  (16)  of  Appendix 1. Ins t ead ,  each phase s h i f t  i s  
expanded about or depending, of course ,  on which 
L'G-1 
s i d e  o f  the  d i s c c n t i n u i t y  i t  i s .  The d i f f e r e n c e  between the  two 
phase s h i f t s ,  e . g .  - y / a + I  - -)3= i s  
00 
(This expres s i cn  i s  t o  be compared wi th  Eqn. (18) of Appendix I)  
where 
and 
25 
(These l a s t  t w o  express ions  a r e  t o  be compared w i t h  Eqn. (19)  of  
Appendix 1. ) 
The i n t e g e r  a i s  a f u n c t i o n  of 4 i n  a very  complicated 
manner; so  complicated i n  f a c t  t h a t  i t  i s  impossible  t o  i n c o r p o r a t e  
i t s  dependence i n t o  t h e  s e r i e s  development. To avoid t h i s  d i f f i c u l t y  
w e  s a y  t h a t  on t h e  average 
(2.2-16)  
That i s ,  i f  a l l  po:,sible v a l u e s  of t h e  energy fo r  which t h r e e  
t u r n i n g  p o i n t s  e x i s t  a r e  considered,  t h e  d i s c o n t i n u i t y  would occur ,  
on t h e  average,  h a l f  way between two i n t e g e r  v a l u e s  of t h e  angular  
momentum quantum number. With t h i s  d e f i n i t i o n  i t  i s  p o s s i b l e  t o  
o b t a i n  express ions  f o r  0''' and as ser ies  i n  R . I n  
p a r t i c u l a r  0''' becomzs 
(2.2-17) 
26 
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1 
2% 
, 
3 
The ser ies  fo r  i s  d i s a p p o i n t i n g  i n  t h a t  t h e  terms i n 1  
and 1 ’ can not be summed. 
t o  t h e  logar i thm i n  Eqn. (49)  of Appendix I. E x p l i c i t l y ,  
The t e r m  involved i n  t h e  term analogous 
Q G )  
becomes, t o  terms i n  / R q  Y 
(2 .2-18)  
These express ions  a r e  v a l i d  only  when t h e  energy i s  such t h a t  
t h r e e  t u r n i n g  p o i n t s  a r e  p o s s i b l e .  For o t h e r  e n e r g i e s  ( t h a t  i s ,  
e n e r g i e s  above t h e  c r i t i c a l  value,  below which t h e r e  can be t h r e e  
29 
t u r n i n g  P O ~ ~ K S  a1;d a i m e  which t h e r e  cai-i only be one) t h e  e x p r e s s i c n s  
art? t h o s e  g i v e r  i n  Eqns. ( 2 0 1 - 1 4 )  and ( 2 . 1 . - 1 5 ) .  f o r  p1 and QC‘ 1 
However t h e  expressioiis for za0 T:, , ?$ , e a  and !%o given by 
E q n s .  ( 2 . 2 - 3 )  t l i ~ ~ i i i : h  ( a “ 2 - 7 )  r r r r i s t  be u s e d  because of t h e  $ /  t h a t  
appears  i n  t h c  dencminator  o~ t h e s e  i n t e g r a n d s  I 
The added c o n t r i b u t i o n s  f o r  p o t e n t i a l s  w i t h  a minimum a r e  r a t h e r  
puzzl ing bccause they give c o n t r i b u t i o n s  from j u s t  one p o i n t  on t h e  
t r a j e c t o r y .  A l s o ,  t hese  c o n t r i b u t i o n s  in t roduce  terms i n  4 a n d l  
3. The Q ~ ~ a l l t u ~ ~ i  ~ s s s - ~ ~  r = ~ t ~  ons t o  t h e  Omega I n t e g r a l s  and t h e  Transpor t  
where A i s  the reduced mass o f  t h e  c o l l i d i n g  p a r t i c l e s ,  1 i s  
t h e  temperature dlid i s  B o l t m a m i ’ s  c o n s t a n t .  
as 
/ad 1 
The series f o r  makes i t  p o s s i b l e  t o  wri te  _f2 
a s e r i e s  i n  4 For convenience, t h e  se r ies  f o r  4 @’is 
w r i t t e n  a s  
30 
f o r  ,( = 1 a.nd 2 
f o r  J‘J)A)  gives  
S u b s t i t u t i o n  6f t h i s  series i n t o  t h e  e x p r e s s i o n  
( 2 . 3 - 3 )  
where 
-_. A 7 . j t ~ l t :  s,bs - i o t  c r e p r e s e n t s  CL , I , zc 7 z ~  , o r = .  
The t r a n s p o r t  c o e f f i c i e n t s ,  s e l f  d i f f u s i o n ,  , v i s c o s i t y ,  
7 , and thermal conduct iv i ty ,  2 , may be w r i t t e n  i n  t e r m s  of 
t h e  omega i n t e g r a l s  l7 E x p l i c i t l y ,  
( 2 . 3 - 5 )  
where 
volume per  u n i t  mass. 
f i s  t h e  d e n s i t y  and c-r i s  t h e  s p e c i f i c  h e a t  a t  c o n s t a n t  
31 . 
Formally, t h i s  i s  a s  f a r  a s  t h e  t rea tment  can be taken.  I n  
o r d e r  t o  proceed t o  numerical  r e s u l t s  an in t e rmolecu la r  p o t e n t i a l  
m u s t  be s p e c i f i e d .  
CHAPTER I11 
THE SQUARE WELL 
Before proceeding t o  t h e  e v a l u a t i o n  of  t h e  express ions  obta ined  
i n  Chapter I1 fo r  a r e a l i s t i c  in te rmolecular  p o t e n t i a l ,  a s imple 
model p o t e n t i a l  t h a t  demonstrates some o f  t he  important  p o i n t s  of 
t h e  theory  i s  t r e a t e d .  
1. The P o t e n t i a l  
The p o t e n t i a l  used i n  t h e  square  w e l l  p o t e n t i a l  de f ined  by 
/@= - E  
(3.1.  -1) P =  0 T 7 0 -  
The e f f e c t i v e  p o t e n t i a l ,  which i s  def ined  a s  
+ =  y 4 -  L 
7 - 2  
i s  p l o t t e d  a long  wi th  i n  F igu re  (3-1) .  
(3 .1-2)  
-- € 
Figure  3-1 
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T h i s  p o t e n t i a l  has  t w s  f e a t u r e s  which demonstrate  t h e  p r o p e r t i e s  of 
t h e  three t u r n i n g  p o i n t  problem: (1 )  i t  i s  z e r o  beyond T= r and 
t h u s  the r o l e  of t he  c e c t r i f u g a l  p o t e n t i a l  i s  n o t  modified by t h e  
p o t e n t i a l  i t s e l f ,  ( 2 )  t h e  l i m i t i n g  e x p r e s s i o n s  f o r  
cdn be evaluated e x a c t l y .  
9' and 
2 .  The i C a ! l p  djf  tie Y' i n t e g r a t i o n  
I n  ana lyz ing  t h e  dynamics of a two body c o l l i s i o n  us ing  
clii~-.,;.Lcal ixct:kj.a.nicsj a q u a n t i t y  c a l l e d  t h e  angle  of d e f l e c t i o n  i s  
iiefir1.t.d. I t  i s  t h e  angle  through which t h e  r e l a t i v e  v e l o c i t y  
v e c t o r  t u r n s  a:: tile p a r t i c l e s  come i n  from i n f i n i t y ,  c o l l i d e ,  and 
o u t  c u  i i ~ f . i [ ! i t y  a g a i n .  The angle  of d e f l e c t i o n  i s  given by t h e  
(3.2-1)  
where the range o f  t h e  i n t e g r a t i o n  on 3- i s  from t h e  d i s t a n c e  of 
c l o s e s t  apprcach of t h e  p a r t i c l e s  t o  i n f i n i t y .  That  is ,  over one- 
h a l f  of t h e  trajectory, 
iargesr:  p o s i t i v e  r o o t  of E - #' . T h i s  e x p r e s s i o n  defirlles t h e  
p o i n t  where t h e  t o t a l  energy of t h e  c o l l i d i n g  p a r t i c l e s  E i s  a11  
The d i s t a n c e  of c l o s e s t  approach i s  t h e  
i n  t h e  p o t e n t i a l  energy of i n t e r a c t i o n  and t h e  c e n t r i f u g a l  p o t e n t i a l ,  
A t  t h i s  p o i n t  on t h e  t r a j e c t o r y  t h e  r a d i a l  v e l o c i t y  becomes zero,  
t he  r a d i a l  velccity v e c t o r  r e v e r s e s  d i r e c t i o n ,  and t h e  p a r t i c l e s  
begin  t o  s e p a r z t e .  
34 
. 
From Fig. .  ( 3 - 1 ) j  however, it i s  seen  t h a t  f o r  some va lues  of t h e  
energy t h e r e  a r e  t l x e e  p o s i t i v e  r o o t s  of E - 4 ~ 0 .  The l a r g e s t  
r o o t  i s  aga in  rhe  c l z s s r c a l  t u rn ing  p o i n t .  The two l e s s e r  r o o t s  a r e  
the  t u r n i n g  p o i n t s  of d p a r t i c l e  t rapped i n  t h e  p o t e n t i a l  w e l l .  
When only two body, c l z s s i c a l  c o l l i s i o n s  a r e  pe rmi t t ed ,  p a r t i c l e s  
t rapped i n  t h e  w e l l  c inpot  leave and no p a r t i c l e s  can ge t  i n t o  t h e  w e l l .  
The quantum mechar_ical t reatment  of t he  dynamics of a two body 
c o l l i s i o n  in t roduces  t h e  p o s s i b i l i t y  of t u n n e l l i n g  through the  b a r r i e r  
i n t o  the  inner  regior. .  I n  the Curt iss-Powers  s e m i - c l a s s i c a l  t r ea tmen t  
of t h i s  problem i t  i s  found t h a t  the  inner  r e g i o n  does c o n t r i b u t e  i n  
a manner ana1og;oiis t o  t h e  outer  r eg ion .  That i s ,  t o  o b t a i n  the  
q u a n t i t y  of  Eqn, (3,2-1) (and a l l  o the r  q u a n t i t i e s  i n t e g r a t e d  
over t h e  t r a j e c t o r y )  i t  is necessary t o  i n t e g r a t e  from 7 t o  7 2  
and from 3 t o  i n f i n i t y ,  where T I  , T z  and T 3  a r e  t h e  
t h r e e  r o o t s  of E- @=O wi th  Moreover, even i n  
the  l i m i t  a s 4  goes to zero t h e  i n t e g r a t i o n  over t h e  inner  r e g i o n  
c o n t r i b u t e s .  
TI d rZ 4 2 
It i s  convecient  a t  t h i s  p o i n t  t o  d i f f e r e n t i a t e  betweer, t h i s  
l i m i t  and t h e  pu re ly  c l a s s i c a l  r e s u l t .  
i s  c a l l e d  " c l a s s i c a i " "  (and l abe l l ed  w i t h  t h e  s u b s c r i p t  i f  
it i s  .'eri.:ed fr5m r ~ a c c ; r n l  mechanics. An expres s ion  is c a l l e d  a 
I n  t h i s  work an expres s ion  
c l a s s i c a l  l i p i t "  (and I.abeiled wi th  the  s u b s c r i p t  C L  ) i f  i t  i s  I t  
t h e  l i m i t  as goes LO ze ro  of a s e m i - c l a s s i c a l  t r ea tmen t .  
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The e f f e c t  of t h i s  i nne r  r e g i o n  i s  cons idered  by comparing t h e  
~ l a s s i c a l ,  c l a s s i c a l  l i m i t ,  and t h e  quantum e x p r e s s i o n s  f o r  9'' )and 
3. The C l a s s i c a l  Expression f o r  Q"kl @? 
I n  order  t o  o b t a i n  express ions  f o r  @')and Q", t h e  
f i r s t  and second moments of t h e  c r o s s  s e c t i o n ,  i t  i s  necessary  t o  
o b t a i n  an e x p r e s s i o n  f o r  t h e  c r o s s  s e c t i o n  i t s e l f .  The d i f f e r e n t i a l  
c r o s s  s e c t i o n  i s  def ined  a s  
18 
( 3 . 3 - 1 )  
d i e r e  2 
def ined  a s  - 
which the two p a r t i c l e s  would pass  each o ther  i f  t h e  p o t e n t i a l  of 
i n t e r a c t i o n  was ze ro .  The angle  of d e f l e c t i o n  i s  c a l c u l a t e d  u s i n g  
Eqn. ( 3 0 2 - 1 ) 0  Since t h e  range of t h e  p o t e n t i a l  i s  6 , p a r t i c l e s  
w i t h  a n  impact parameter g r e a t e r  t h a n  0- p a s s  each o ther  wi thout  
e f f e c t ,  For bd 0- , t h e  angle  of d e f l e c t i o n  i s  
is t he  angle  of  d e f l e c t i o n  of t h e  c o l l i s i o n  and b i s  
~n a geometric sense,  b i s  the  d i s t a n c e  a t  L 
G- 
F u r t h e r ,  a dimensionless  parameter % i s  d e f i n e d  a s  
(3 .3-3)  
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The i n t e g r a l s  a r e  s t r a i g h t f o r ~ a r d ' ~  and the  expres s ion  f o r  i s  
iound t o  be 
1 
? = a  ( 3 . 3 - 4 )  
This  expres s ion  i s  inve r t ed  t o  g ive  b a s  a func t ion  of 7 . 
Equat ion ( 3 . 3 - 4 ) ,  ( 3 . 3 - 5 ) ,  and ( 3 . 3 - 1 )  a r e  combined t o  g ive  
as the expres s ion  f o r  t he  c l a s s i c a l  d i f f e r e n t i a l  c r o s s  s e c t i o n .  
For t h e  sake of completion (and a l s o  t o  show the  e f f e c t  of the  
r e g i o n  which i s  considered i n  d e t a i l  i n  t h e  next  s e c t i o n ) ,  inner  
t h e  t o t a l  c r o s s  s e c t i o n  i s  der ived.  The t o t a l  c r o s s  s e c t i o n  i s  
defined2'  a s  t he  i n t e g r a l  of the d i f f e r e n t i a l  cross s e c t i o n  over a l l  
ang le s  
( 3 . 3 - 7 )  
Since  O-(z) E) i s  independent of t h e  azimuthal  angle  t h i s  expres s ion  
can be i n t e g r a t e d  t o  g ive  
37 
(3.3-8) 
The upper l i m i t  of the  i n t e g r a t i o n  i s  found by c o n s i d e r i n g  t h e  angle  
o f  d e f l e c t i o n  i n  a c o l l i s i o n  where b= 0- . From Eqn. (3 .3-4) ,  
(3 .3-9)  
Therefore ,  Q f.4’ becomes 
To complete t h e  i n t e g r a t i o n  l e t  
then 
d X = - y  1 -a - X d x  
(3 .3-  11) 
(3 .3-12)  
(3.3-13) 
The numerator i s  expanded and the i n t e g r a l s  eva lua ted .  21 
cons ide rab le  a lgeb ra ,  t h e  t o t a l  c r o s s  s e c t i o n  i s  found t o  be 
A f t e r  
Qa= v G T a  (3 .3-14)  
This  i s  t o  be expected s i n c e  the p o t e n t i a l  i s  s p h e r i c a l l y  symmetric 
and has  a f i n i t e  cu to f f  a t  T= r . 
The express ion22 fo r  Q z ' i n  terms of  t h e  c r o s s  s e c t i o n  i s  
O? 
I n  terms o f  the  change of  v a r i a b l e  given i n  Eqn. (3.3-11) i s  
A f t e r  cons ide rab le  a lgeb ra  i t  i s  found t h a t  
(3 .3-16)  
(3.3-17) 
The expres s ion22  fo r  @" i n  terms of t he  c r o s s  s e c t i o n  i s  
39,  
(3.3-18) 
I n  terms of X t h i s  i s  
Af te r  even more a l g e b r a  i t  i s  found t h a t  
( , =  7/78 
(3.3-20) 
@ " I  
The l i m i t i n g  forms of  &! and d$) for  l a r g e  and smal l  
+ E  E = a r e  i n t e r e s t i n g .  F i r s t ,  as  E *--a , 31- . AS 
can be e a s i l y  seen from Eqns. (3.3-17) and (3.3-20) 
(3.3-21) 
9 - 4  23 
I n  t h e  l i m i t  of  s m a l l  t '- , 33*- . The loga r i thm i s  expanded 
i n  t h e  s e r i e s  
(3 .3-22)  
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and t h i s  s e r i e s  i s  used  i n  Eqns. ( 3 . 3 - 1 7 )  and ( 3 . 3 - 2 0 ) .  The l i m i t i n g  
forms a r e  fcund t o  be 
( 3 . 3 - 2 3 )  
Thus, bo th  (3" and approach t h e i r  r e s p e c t i v e  r i g i d  sphe re  
, approaches from -pr 0"' v a l u e s  a s  E -+ o e The f i r s t  moment, 
be?ow, whi le  1:3'2' approaches i t s  r i g i d  sphere  va lue  from above. 
The approach t o  the  r i g i d  sphe re  l i m i t  can a l s o  be seen  by 
examining the n a t u r e  of t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  i n  t h e  l o w  
energy l i m i t .  Equation ( 3 . 3 . - 4 )  i s  r e w r i t t e n  t o  g ive  
Th i s  i s  s u b s t i t u t e d  i n  Eqn. ( 3 . 3 - 6 )  t o  g ive  
I 
As %+"a t h i s  expres s ion  reduces  t o  
(3.3-26) 
which i s  t h e  ri .gid sphere l i m i t .  
Qcz, 
4 .  The C l a s s i c a l  L i m i t  Expressions f o r  Q ' l n d  
The d i f f e r e n c e  between the  c l a s s i c a l  l i m i t  and the  c l a s s i c a l  
expressions i n  t h i s  problem i s  t h a t  t h e  former inc ludes  the  
c o n t r i b u t i o n  of t he  inner  r eg ion .  Thus, t h e  c l a s s i c a l  l i m i t  
express ions  f o r  4i '' and Q'" a r e  l a r g e r  than  the  c l a s s i c a l  
express ions  for the  q u a n t i t i e s  by the  a d d i t i o n  of t h e  e f f e c t  
L>i the  tunne l l ing  c o l l i s i o n s .  
Figure (3-2a)  shows the  c o l l i s i o n  r e g i o n  of t he  c l a s s i c a l  
t r ea tmen t .  Figure (3-2b) shows the  c o l l i s i o n  r e g i o n  of t h e  c l a s s i c a l  
l i m i t  t rea tment .  That i s ,  i n  the  c l a s s i c a l  l i m i t  t h e r e  i s  a 
0- 7- 
Figure 3-2a. 
0- 7- 
Figure  3-2b 
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c o n t r i b u t i o n  t o  the  d i f f e r e n t i a l  c r o s s  s e c t i o n  f o r  b 7 r  . 
The c o n t r i b u t i o n  t o  the  angle of d e f l e c t i o n  f o r  t u n n e l l i n g  
c o l l i s i o n s  i s  
2.= 0 (3 .4 -1 )  
The i n t e g r a l s  a r e  s t r a igh t fo rward  and g ive  fo r  &. 
Thus, t h e r e  i s  a .  c o n t r i b u t i o n  t o  2 
impact parameters  as g r e a t  a s  0-71 . The f u l l  c l a s s i c a l  l i m i t  
exp res s ion  f o r  t he  angle  of d e f l e c t i o n  i s  given by a combination of 
i n  the  c l a s s i c a l  l i m i t  f o r  
Eqn. ( 3 . 3 - 4 )  and ( 3 . 4 - 2 ) .  
0 b 70-71 
(3 .4 -3 )  
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A p l o t  of t h i s  f u n c t i o n  i s  g iven  i n  Chapter V I .  The curve  i s  
continuous a t  b =  U- , b u t  i t s  s l o p e  i s  d iscont inuous .  
The t u n n e l l i n g  c o n t r i b u t i o n  t o  t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  
i s  obtained by use of Eqns. ( 3 . 3 - 1 )  and ( 3 . 4 - 2 ) .  The e x p r e s s i o n  i s  
I - o-%-7a G =  4 ( 3 . 4 - 4 )  
The f a c t  t h a t  t h e  t u n n e l l i n g  c o n t r i b u t i o n  t o  t h e  d i f f e r e n t i a l  
c r o s s  s e c t i o n  i s  independent of t h e  impact parameter i s  r a t h e r  
i n t e r e s t i n g .  111 genera l ,  t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  i s  a f u n c t i o n  
:if t he  energy a i d  t h e  impact parameter ( t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  
i s  us;cally w r i t t e n  a s  a f u n c t i o n  of t h e  energy and t h e  a.ngle of 
d e f l e c t i o n .  However, s i n c e  t h e  angle  of d e f l e c t i o n  i s  a p o s t -  
c o l l i s i o n  p r o p e r t y  i t  seems more l o g i c a l ,  i n  t h i s  case, t o  speak 
of t h e  impact parameter,  which i s  a p r e - c o l l i s i o n  parameter .  S ince  
t h e  two a r e  r e l a t e d ,  e . g . ,  by Eqn. ( 3 . 4 - 2 ) ,  t h i s  p r e f e r e n c e  i s  
immater ia l .  It  i s  u s u a l l y  e a s i e r  t o  express  X a s  a f u n c t i o n  of 
b )  Equat ion ( 3 . 4 - 4 )  says,  i n  e f f e c t ,  t h a t  i f  t h e  impact 
parameter is  between 0- and rfl , t h e  p r o b a b i l i t y  of  a p a r t i c l e  
be ing  s c a t t e r e d  i n t o  a s o l i d  angle  d_R 
energy . 
i s  dependent on ly  on t h e  
The t u n n e l l i n g  c o n t r i b u t i o n  t o  t h e  t o t a l  c r o s s  s e c t i o n  i s  
der ived,  a s  was :he c l a s s i c a l  t o t a l  c r o s s  s e c t i o n ,  by use  of 
Eqns. (3 .3 -8 )  and ( 3 . 4 - 4 ) .  The l i m i t s  of i n t e g r a t i o n  i n  t h i s  case  
a r e  found from Eqn. ( 3 . 4 - 2 ) .  The e x p r e s s i o n  f o r  t h e  t u n n e l l i n g  
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total cross s e c t i o n  i s  
( 3 . 4 - 5 )  
The c l a s s i c a l  l i m i t  t o t a l  c ros s  s e c t i o n  i s  t h e  sum of Eqns. ( 3 . 3 - 1 4 )  
and ( 3 . 4 - 5 )  and i s  
( 3 . 4 - 6 )  
Since 0-77 i s  the  l a r g e s t  impact parameter f o r  which t u n n e l l i n g  
can occur ,  t he  t o t a l  c r o s s  s e c t i o n  i s  r ep resen ted  i n  space as a 
c - h c u l a r  area of r a d i u s  TP , even though t h e  p o t e n t i a l  c u t s  o f €  
* a t  a d i s t a n c e  0- . The f a c t  t h a t  31 goes t o  i n f i n i t y  as f? 
goes t o  ze ro  means t h a t  t he  cross  s e c t i o n  expands i n  t h i s  l i m i t .  
T h i s  p rope r ty  of t h e  tunne l l ing  c r o s s  s e c t i o n  has  a s t r o n g  e f f ec t  
on 
Qc') 
i n  t h e  low energy l i m i t .  
By use of Eqns. ( 3 . 3 - 1 5 ) ,  ( 3 . 3 - 1 8 ) ,  and ( 3 . 4 - 4 ) ,  t h e  t u n n e l l i n g  
c o n t r i b u t i o n s  t o  Q'"and a r e  found t o  be 
( 3 . 4 - 7 )  
( 3 . 4 - 8 )  
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It w i l l  be n o t i c e d  t h a t  a s  33 approaches i n f i . n i t y  ( t h a t  i s ,  
as  E' approaches z e r o ) ,  both 0"' and 0''' go t o  i n f i n i t y  
as  Sa These q u a n t i t i e s ,  when added t o  (3.3-17) and (3.3-20) 
r e s p e c t i v e l y  make t h e  c l a s s i c a l  l i m i t  q u a n t i t i e s  go t o  i n f i n i t y  a s  
€ * g o e s  t o  ze ro .  
* 
I n  t h e  upper l i m i t ,  t h a t  i s ,  a s  f 
0,"' go t o  z e r o  a s  - . 
goes t o  i n f i n i t y ,  @? 
1 
and ~y way of c o n t r a s t ,  02' and 
I 
€+a 
I 03 go t o  z e r o  more slowly, as - A F+ 
€+I 
5.  Quantum Expressions f o r  0'' and 
9'" 
Equations (2.1-1)  and ( 2 . 1 - 2 )  o f  Chapter I1 give  
i n  terms of  t h e  phase s h i f t s .  For t h e  square  w e l l  and Q'i' 
24  
p c t e n t i a l  thp phase s h i f t s  have been obtained by Mott and Massey. 
Thei r  r e s u l t  can be w r i t t e n  i n  t h e  form 
(3.5-1)  
where 
(3.5-2) 
and A* i s  def ined  by Eqn. (5.1-4).  
this express ion ,  numerical  procedures were used t o  o b t a i n  
Because of t h e  complexity o f  
0 / / I  p and 
/ a l  U 
It i s  necessary ,  then, t o  compare 6)g’, QCL and 
numer ica l ly .  This  procedure is expla ined  i n  Chapter V. 
CHAPTER I V  
THE EFFECT OF THE ATTRACTIVE PART OF THE LENNARD-JONES (12,6) 
POTENTIAL ON THE TRANSPORT CROSS SECTIONS 
The r o l e  of t h e  a L t r a c t i v e  p a r t  of Lennard-Jones (12,6) p o t e n t i a l  
i n  t h e  quantum and s e m i - c l a s s i c a l  c a l c u l a t i o n s  of t he  t r a n s p o r t  c r o s s -  
s e c t i o n s  ( p a r t i c u l a r l y  0'" has  been debated f o r  many y e a r s .  One 
of  the f i r s t  quantum c a l c u l a t i o n s  of t h e  t r a n s p o r t  c r o s s - s e c t i o n s  
f a r  t h e  Lennard-Jones (12,6) p o t e n t i a l  was made by d e  Boer. 25 He 
4 c a r r i e d  ou t  t h e s e  c a l c u l a t i o n s  u s i n g  t h e  parameters  f o r  He . 
Because of l i m i t e d  computing f a c i l i t i e s  he was unable  t o  extend h i s  
oC"' was c d l c u l a t i o n s  beyond I!? = 1.5.  He found t h a t  t h e  q u a n t a l  
ltss than the  pure c l a s s i c a l  @ ' a t  every  energy cons idered .  
1954 d e  Boer and B i r d f 3  us ing  t h e  WKB method, ob ta ined  t h e  f i r s t  
* 
I n  
quantum c o r r e c t i o n  t o  t h e  t r a n s p o r t  c r o s s - s e c t i o n s .  They argued 
thit  a t  h i g h  e n e r g i e s  only the r e p u l s i v e  p a r t  of t h e  p o t e n t i a l  was 
important  and s o  c a l c u l a t e d  the c l a s s i c a l  term and t h e  f i r s t  quantum 
c o r r e c t i o n  f o r  t h e  p o t e n t i a l .  They found t h a t  f o r  t h i s  
p o t e n t i a l  t h e i r  s e m i - c l a s s i c a l  Q'" was higher  than  t h e  c l a s s i c a l  
Q 0 
c a l c u l a t e d  u s i n g  t h e  Lennard-Jones (12,6) p o t e n t i a l  (again,  
4 t h e  parameters  f o r  He were used) .  They concluded, t h e r e f o r e ,  t h a t  
t h e  quantum and t h e  pure c l a s s i c a l  curves  c rossed  a t  about  L - 4  - 
11 
I n  1964 Munn, Smith and Mason c a l c u l a t e d  t h e  pure  quantum 
E* 
, c  4 u s i n g  t h e  (12,6) p o t e n t i a l  and t h e  parameters  f o r  He , o u t  t o t  = 16. 
Their  quantum. Q"' l i e s  below t h e  c l a s s i c a l  0'' a t  a l l  computed 
47 
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ei’ergies, They concl ide2  t h e r e f o r e ,  t h a t  t h e  c rossover  p r e d i c t e d  by 
cis Boer arid B i r d  d i d  c o t  t a k e  p l a c e  a t  fY=  4 ; and t h a t  d e  Boer 
and B i r d  had e x t e n d e d  t h e i r  c a l c u l a t i o n  t o  e n e r g i e s  t o o  low f o r  t h e  
a t t r s ? c t i v e  r a r t  c f  t he  poce r i t i a l  t o  be neglec ted .  However, s i n c e  t h e  
f i r s t  quantum ccjrrectiorr o f  de Boer and B i r d  i s  p o s i t i v e ,  Munn, 
Smith, and Mason concluded t h a t  t h e  quantum @“must c r o s s  t h e  
0 f i )  
c l a s s i c a l  l i m i t  a t  a much h igher  energy.  
1 1  i s  the  purpose >af t h i s  c h a p t e r  t o  a s c e r t a i n  t h e  i n f l u e n c e  
J f  t t j :  d t t r a c t i v e  p a r t  of t h e  p o t e n t i a l  on t h e  c l a s s i c a l  l i m i t  and t h e  
f i r s t  two q u a n t m  ~ ; ~ ~ e c t i o n s  t o  t h e  t r a n s p o r t  p r o p e r t i e s .  A l so ,  
s i L l c t  at \rei y I i i  gL t l ~ e i  g i e d  t h e  a t t r a c t i v e  p o r t i o n  of  t h e  Lennard- 
LCS ( ~ 2 , 6 1 1  pot  PULI^^ Lan be neglec ted ,  t h e  e x p r e s s i o n s  obta ined  
i n  Chapter 11 1 . a ~  be checked a t  h igh  e n e r g i e s .  
1. ‘Ihe Pe r tu rbc i t i on  
‘I’he a i - t r  a c t i v e  p a r t  of  t h e  Lennard-Jones ( 1 2 , 6 )  p o t e n t i a l  
i s  taken t ( J  be d p e r t u r b a t i o n  on t h e  r e p u l s i v e  p a r t .  To  e f f e c t  an 
order ing  of t h e  p e r t u r b a t i o n  ser ies ,  a parameter,  , i s  
introduced i n t a  t h e  potential, so t h a t  
T h i s  parameter A s  evsntua1ly  s e t  e q u a l  t o  u n i t y .  
(4.1-1) 
2.  The P e r t u r h d t ~ a n  E‘xpznsion 
The p e r t u r b a t i o n  ser ies  i s  obta ined  by expanding t h e  
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expres s ions  f o r  t h e  
Taylor s e r i e s  about = 0 Th i s  series i s  v a l i d  only i n  t h e  
@'(for a p o t e n t i a l  w i t h  a minimum) i n  a 
l i m i t  o f  h i g h  energy. S ince  the terms p e c u l i a r  t o  t h e  a t t r a c t i v e  
p o t e n t i a l s ,  Eqns. (2.2-17) and (2.2-18), are z e r o  except  a t  ve ry  
low e n e r g i e s ,  they  a r e  neglec ted  i n  t h i s  t r ea tmen t .  Therefore  
can be w r  i t  t en  
The p e r t u r b a t i o n  series fo r  g') may be w r i t t e n  a s  t h e  
double sum 
(4.2-2) 
or e x p l i c i t l y  in t h e  expanded form 
(4.2-3) 
+ . - .  
where 
50 . 
(4 .2 -4)  
L 
(4 .2 -5)  
1  
J (4 .2 -6 )  
L 
(4 .2 -7)  
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f i  
c 
( 4 . 2 - 8 )  
L 
5 2  
( 4 . 2 - 1 2 )  
I n  d e x l v i i ? ! ,  L LIQ:,~? exp res s ions  t h e  d e r i v a t i v e s  w i t h  respect t o  
A ,i xv, IJ , x h L ;  and g o  a re  in t roduced .  E x p l i c i t l y  
X 
(4* 2 - 1 7 ]  
-I 
5 3  
I n  d e a l i n g  wi th  t h e  p o t e n t i a l  
y= 4 € ( g  ( 4 . 2 - 1 8 )  
i t  i s  advantageous 
q u a n t i t i e s  def ined 
L 
Y= 
t o  make a change i n  v a r i a b l e  t o  d imens ionless  
by 
I 
I n  terms of t hese  q u a n t i t i e s  i t  i s  p o s s i b l e  t o  write Eqns ( 4 . 2 - 5 )  
through ( 4 . 2 - 1 3 )  i n  t h e  form 
( 4 . 2 - 2 0 )  
( 4 . 2 - 2 1 )  
( 4 . 2 - 2 2 )  
( 4 . 2 - 2 3 )  
5Ee 
( 4 . 2 - 2 4 )  
s 
( 4 . 2 - 2 5 )  
a r e  i i i i t - g a l s  dependent only on t h e  exponent i n  t h e  p o t e n t i a l  and 
t h e  numerical  c o e i f i c i e n t  of  t he  p o t e n t i a l  (which i n  t h i s  ca se  a r e  
12 arid 4 r esp tJc t - ix ,c i>- j .  T h i s  change of v a r i a b l e s  i s  advantageous 
LJeLailsr i t  L L I U ( J O ~ S  L ~ C  enei gy e n t i r e l y  from the  i n t e g r a l s ,  which 
i s  pc3ssible foL these  one cons t an t  p o t e n t i a l s .  This  p o i n t  i s  
discussed f u r t h e r  i n  Chapter V. 
The i n t e g l a i s  85', and A i I ' h a v e  been r e c a l c u l a t e d  by the  
author  a s  a means of checking the  numerical  method a g a i n s t  p rev ious  
c a l c u l a t i o n s  of t hese  q u a n t i t i e s .  Fu r the r ,  t he  i n t e g r a l s  e d  
( / I  
have been eva lua ted  and the r e s u l t s  a r e  d iscussed  i n  Chapter V I .  
3.  The Omega IrLLegals 
With these  express tons  fo r  t h e  Q') a s i m i l a r  s e r i e s  
i n t e g r a l s  can be ob ta ined ,  a s  was d i scussed  i n  (44) fo r  t he  a 
Chapter 11. Since  t h e  energy dependence o f  t h e  Q "is e x p l i c i t  
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i r  i s  p o s s i b l e  t o  eva lua te  the  f l ' ' ' 4 ) in tegra ls  e x a c t l y  i n  terms 
s f  t he  gamma func t ions  and the  numerical  c o n s t a n t s  in t roduced  above. 
A s  an example of t h i s ,  t he  i n t e g r a l  D?:A) i s  eva lua ted  i n  d e t a i l .  
Equat ion (4,2-20)  i s  s u b s t i t u t e d  i n t o  Eqn. (2 .3-1)  t o  g ive  
For convenience l e t  
(4 .3-2)  
rhic'n g ives  
i s  
(-Q,A 1 
The i n t e g r a l  i s  of t h e  gamma func t ion  type26 and thus  Baa 
By s i m i l a r  methods we f ind 
( 4 . 3 - 5 )  
T h i s  d o u b l e  s e r i e s  shows the e f f e c t  of t he  a t t r a c t i v e  p a r t  of 
t h e  Lennard-Jones (12,6) p o t e n t i a l  on t h e  c l a s s i c a l  va lue  and t h e  
quantum corrections t o  t.he t r a n s p o r t  p r o p e r t i e s  and t h e i r  CrQss 
s e c t i o n s ,  The terms “ O O “ ,  “Ol“, and “02“ give t h e  c l a s s i c a l  limit 
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and the  f i r s t  and second quantum c o r r e c t i o n s  f o r  a gas of molecules  
which r e p e l  each o ther  as t h e  inve r se  t w e l f t h  power of the  d i s t a n c e  
between them. 
The terms "lo", "ll", and "20", i n  con junc t ion  wi th  " O O " ,  
"Ol", and "02", provide a check a t  high e n e r g i e s  on t h e  r e s u l t s  
u s ing  the  Lennard-Jones p o t e n t i a l .  The numerical  work involved 
i n  t h e  l a t t e r  c a l c u l a t i o n s  i s  much more complex. This  i s  d iscussed  
i n  the  next  chap te r .  
CHAPTER V 
NTJMERICAL PROCEDURES 
The d i f f i c u l t i e s  i n  t h e  numerical  e v a l u a t i o n  of t he  expres s ions  
obtaiged i n  Chapters  11, 111, and I V  can be d iv ided  i n t o  two t y p e s :  
(1) the  e v a l u a t i o n  of t h e  Bessel  func t ions  i n  Eqn. (3,5-1) and ( 2 )  
t h e  numerical  i n t e g r a t i o n s  involved i n  t h e  e v a l u a t i o n  of t he  omega 
i n t e g r a l s  i n  Chapter I1 and I V .  The former problem i s  reasonably  
s t r a i g h t f o r w a r d  and o f f e r s  no g r e a t  d i f f i c u l t y .  The l a t t e r  problem, 
however, i s  complicated i n  t h a t  the  omega i n t e g r a l s  a r e  r e a l l y  
double i n t e g r a l s  i nvo lv ing  very n a s t y  and i l l -behaved  f u n c t i o n s .  
These i n t e g r a l s  a l s o  depend on whether t he  p o t e n t i a l  i s  monotonic or  
has  a minimum. These cases  a r e  t r e a t e d  s e p a r a t e l y .  
1. Dimensionless q u a n t i t i e s  
Before proceeding to  t h e  numerical  c a l c u l a t i o n s ,  it i s  
convenient  t o  in t roduce  s e v e r a l  dimensionless  q u a n t i t i e s .  For t h i s  
purpose t h e  in t e rmolecu la r  p o t e n t i a l  i s  taken  t o  be of the  form 
(5.1-1) 
where 6 i s  an  energy parameter ( t h e  depth  of t h e  w e l l  f o r  p o t e n t i a l s  
w i th  a minimum) and 0- i s  a l eng th  parameter ( t h e  p o i n t  where 
j%-) = 0 f o r  p o t e n t i a l s  with a minimum). 
parameters  we de f ine  the  fol lowing reduced q u a n t i t i e s :  
I n  terms of t h e s e  
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7- 
0- 
* 
-rz -- 
E E*= - 
E 
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(5 .1-2)  
I t  i s  convenient t o  ma.ke and d imens ionless  by 
d i v i d i n g  t h e n  by Llieir cor responding  c l a s s i c a l  r i g i d  sphere  va lues  27  - 
T h u s ,  
(5.1-3) 
It i s  a l s o  convenient  t o  in t roduce  a d imens ionless  quantum 
parameter involv ing  P l a n c k ' s  c o n s t a n t .  Th i s  paramecer, c a l l e d  t h e  
de Boer quantum parameter,  i s  def ined  as 
( 5 . 1 - 4 )  
This  i s  t h e  de Brog l i e  wavelength of  t h e  r e l a t i v e  motion of two 
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i lolecLles ,  w i th  r e l a t i v e  k i n e t i c  energy E , d iv ided  by the  
Txharac te r i s t ic  l eng th  O- . 
dimensionless  pa.rameter, i t  i s  r a t h e r  un fo r tuna te  numer ica l ly  t h a t  
Since A' i s  in t roduced  only as a 
and rroc % was u s e d  i n  t h e  d e f i n i t i o n .  
With the  a i d  of  t h e s e  d e f i n i t i o n s ,  t h e  equa t ions  of the  
prev ious  chap te r s  m y  be w r i t t e n  i n  d imens ionless  form. It i s  
Gnderstocld t h a t  a l though the  s t a r s  may be dropped a l l  succeeding 
e q u a t i o n s  a r e  i n  terms of dimensi o n l e s s  q u a n t i f i e s .  
2 .  The Sq::G;Pe \ . c l '  i P c i t i : i t i e l  
It na; m r  t)eeri p o s s i b l e  t o  conpare a n a l y t i c a l l y  t h e  
; lascic; l ,  c l a s s i c a l  I L m i t ,  and quantum expres s ions  f o r  Q")and @("I 
fo r  t h e  square  well p o t e n t i a l .  The complicated n a t u r e  of t h e  
expres s ion  f o r  t he  phase s h i f t s ,  Eqn. (3,5-1) appa ren t ly  mbkes t h i s  
impossible .  A s  a r e s u l t  of t h i s ,  i t  i s  necessa ry  t o  r e s o r t  t o  a 
numerical  comparison. The c l a s s i c a l  and c l a s s i c a l  l i m i t  exp res s ions  
fo r  and @' Eqns. (3.3-17),  (3.3-201, (3 .4-7) ,  and (3 .4 -8 j ,  
a r e  very  easy  K O  eva lua te  numer ica l ly  s i n c e  t h e  energy i s  r e l a t e d  
t o  ?I by Eqn. ( 3 . 3 - 3 ) .  The quantum c a l c u l a t i a n  of 4 ')and Qfi 1 
is more complicated because it i s  necessary  t o  f i r s t  e v a l u a t e  the  
phase s h i f t s ,  Eqn, <2.5-1>,  f~ m z ~ g  T : I ~ I _ I P S  of and then  m e  
t h e s e  phase s h i f t s  i n  Eqns. ( 2 # 1 - 1 )  and ( 2 . 1 - 2 ) n  The c a l c u l a t i o n  
of  t h e  phase s h l i c s  depends on t h e  c a l c u l a t i o n  of t he  Besse l  
f u n c t i o n s ,  which were c a l c u l a t e d  by the  method desc r ibed  by Olver .  
@m 
1 
28 
(I) 
T ~ E  c a l c u l z t i o n  of Q and @)s tar t s  a t  A?= 0 and proceeds 
~ d L h a x 4 -  2 , where R,,, is  ttie first i n t e g e r  g r e a t e r  t h a n  
6.l 
(5.2-1) 
This  value of R corresponds t o  t h e  l a r g e s t  v a l u e  of b for which 
t h e  energy of c o l l i s i o n  i s  i n  t h e  c o l l i s i o n  r e g i o n  ( see  F i g .  3-2b 
of C h a p t e r  i l l ) .  For g r e a t e r  v a l u e s  of b (and t h u s  1 ) t h e  
; ; a r t i c l e s  d o  not L n t e r - l i t  and s o  t h e  phase s h i f t  goes t o  ze ro .  
In t h i s  r c 5 - n ~  i t  i s  p o s s i b l e  t o  o b t a i n  @'/)and @",s 
.L!L' qLiavL?'Im C F ' S C ; .  rlie>e t h r e e  q u a n t i t i e s  a r e  compared i n  Chapter VT 
3 0 MGno t .>n 1 c t: T t  31- t 6 I s 
The (jlcu!aticv o f  t h e  omega i n t e g r a l s  f o r  monotonic 
p o t e n t i a l s ,  w h i l e  scmedhst involved, i s  a reasonably  s t r a i g h t f o r w a r d  
a p p l i c a t l a n  U P  wc?li-kr,own numerical  procedures .  The omega i n t e g r 4 l s  
a r t  ti i p i e  i n t e g r a l s  O V ~ I  t h e  t r a j e c t o r y  of  t h e  p a r t i c l e s ,  t h e  impact 
parameter, and t.he energy. The l a s t  i n t e g r a t i o n ,  as was demonstrated 
i n  Chapter  I.V, c3r' be dl,rit a n a l y t i c a l l y .  
?'he in tegr<l i i .o -  over t h e  t r a j e c t o r y  ( a c t u a l l y  over one-half  of 
the L r a j t c i s j r y )  1.7 g=ct Lhr fur ic t ions i n  Eqns .  ( 2 . 1 - 7 )  through 
( 2 . 1 - 1 1 )  aiid ( 4  2 - 1 4 )  through (Lc.2-17) has  t h e  l i m i t s  
where LS t b e  p o s i t i v e  r e a l  r o o t  of t h e  e q u a t i o n  
(T, ,OO ) 
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. E x p l i c i t l y  t h i s  equa t ion  is 
(5 .3-1)  
(5 .3-2)  
The Newton-Raphson method2’ was used t o  f i n d  the  r o o t .  
The integra.nds of t he  func t ions  i n  Eqns. (2 .1-7)  through 
(2*L-- i I )  and (4.2-1-4) through (4.2-17) a r e  such t h a t  they  have a 
Fc le  o f  order o n c - i ~ a l f  a t  t h e  lower l i m i t  of t h e  i n t e g r a t i o n .  The 
numerica? i : ~ t ~ ~ , : . ~ t i o n  i n  c h i s  case  i s  most e a s i l y  done u s i n g  the  
3Q 
Ga(zss-MehlEr nlethod 
The i n t e g r a r i o n  over b or s i n c e  t h e r e  is a change of 
i n t e g r a t i o n  f o r  t h i s  poLentia1, over Y o  , t o  o b t a i n  t h e  
i n t e g r a l s  w3s carrLed o u t  us ing  t h e  Gauss-Legendre method. 31 The 
r ange  of i n t e g r a t i o n  is ( 0,- ). However, s i n c e  t h e  in t eg rand  
becomes sma l l  long be fo re  t h e  upper l i m i t  i s  reached,  it i s  only  
necessary  t o  i n t e g r a t e  t o  about yo = 2 . 
It w a s  shown in Chapter I V  t h a t  t he  i n t e g r a t i o n  over  t h e  energy 
c a n  be c a r r i e d  o u t  a n a l y t i c a l l y  i n  terms of gamma f u n c t i o n s .  This  
i s  p o s s i b l e  becailsi? p o t e n t i a l s  o f  t he  type 
d (5.3-3) Y =  -& 
a r e  r e a l l y  one c m s t a n t  ( d  ) p o t e n t i a l s  and it  i s  always p o s s i b l e  
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io make a c-kiange of  v a r i a b l e  ( a s  i s  done i n  Chapter I V )  t h a t  f a c t o r s  
i h e  energy cut of  t h e  Q ' i n t e g r a l s .  I n  genera l ,  t h i s  s u b s t i t u t i o n  
I 
For two c o n s t a n t  p o t e n t i a l s ,  silch as t h e  Lennard-Jones p o t e n t i a l ,  
t h i s  i s  p o t  p o s s i b l e  and t h e  omega i n t e g r a l s  must a l s o  be c a r r i e d  
out ni:merCcally. T h i s  p o i q t  i s  d iscussed  i n  t h e  next  s e c t i o n .  
4 .  Pdi-c-nt i a  I-: I t r i  2 :-: L . i i i * ~ , ~ ~  
klii le t t > < >  u!cthods o f  i p t e g r d t i o n  ove r  t h e  t r a j e c t o r y  and 
tht. impaLc pd:;:r,eter remain t n e  same a s  f o r  monotonic p o t e n t i a l s ,  
t h e i r  2ppii;aLion IC' q u i t e  d i f f e r e c t  fer p o t e n t i a l s  w i t h  a minimum. 
Moreover. t h t  wiega i n t e g r a l s  m u s t  be handled i n  a n  e n t i r e l y  d i f f e r e n t  
manner because the  energy  dependence of  t h e  Q ' l i n t e g r a l s  does 
n o t  f a c t o r  o u t ,  
A t y p i c a l  po tc -n t i a l  w i t h  a minimum, and t h e  one chosen f o r  
t h i s  work, i s  the Lennard-Jones (12,6) p o t e n t i a l  def ined  as 
( 5 . 4 - 1 )  
where E i s  t h e  depth of tihe minimum and 0- i s  t h e  v a l u e  of  
when = 0 . The rcdLlced e f f e c t i v e  p o t e n t i a l  
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( 5 . 4 - 2 )  
bas  b a t h  a m a x . i m ~ m  a ~ d  a i r , in imarrn  f o r  v a l u e s  of the product  bXaE* 
below a c r l t i c a i  v a l u e  36- For v a l u e s  above t h i s  
c r i t i c a l  v a l u e  t h e  e f f e c t i v e  p o t e n t i a l  decreases  monotonical ly .  
a s  
The e f f e c t i v e  p o t e n t i a l  i s  p l o t t e d  f o r  v a r i o u s  v a l u e s  of be',!? 
The f a c r  Phat t h e  e i t e c c i v e  p o t e n t i a l  has  a maximum and a 
Jer ;-;arrvtr 1 a L&-V i t  t. e e  points. It becomes nscessary ,  then,  
- L  d e r ~ v i r . ~  1 , e  x F * e c s i o n s  for %' and 3' (and t h u s  t h e  f i v e  
bas ic  funicici>s ( E q n s .  ( 2 . l - 6 ) ) t o  i n t e g r a t e  by p a r t s  around t h e s e  
poi-ncs- To g e t  a c i e a ~ e r  p i c t u e  of e x a c t l y  what t h e  f i n a l  range  
of  i n t e g r a t i o n  is, t h r e e  cases  Are considered.  These a r e  shewn graph- 
i c a l l y  i n  F i g .  j e 4 a ,  b, c ,  and d .  These p l o t s  show t h e  e f f e c t i v e  
p o t e n t i a l  and the h o r i z o n t a l  l i n e  r e p r e s e n t i n g  t h e  energy of t h e  
par t icLi iar  c o I i ~ s i o n .  The i n t e r s e c t i o n s  of t h e  curve and t h e  
s t r a i g h t  i i n e  a r e  t h e  turn ing  p o i n t s  (lower l i m i t  of i n t e g r a t i o n )  
on t h e  t r a j e c t o r i e s .  
I n  Case I t h e  energy and t h e  impact parameter a r e  such t h a t  
i s  z e i s  a t  ctao p o i n t s  on t h e  t r a j e c t o r y .  The i n t e g r a t i o n  by - d o w  
3 r* 
p a r t s ,  Eqn. (57) 3f r e f e r e n c e  14,  employed i n  t h e  d e r i v a t i o n  of t h e  
phase s h i f t  s e r i e s  F s  no t  va l id  a t  t h e s e  p o i n t s .  However, i f  a 
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E * <  E : , ,  
I 
i 
I 
I 
I 
i 
i 
9 '  
I \I I 
Case z 
i 
I 
I 
I 
TI r*  
Case 
F i g u r e  5 - 4c 
T V ~ Q - L  -rg 
Case I1 
F i g u r e  5 - 4b 
111 
Figure  5 - 4d 
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, ,lint i s  chose? between vi and T,;,, and a poir, t  1 s  
:hfisen beyond TJ , i t  i s  poss ib l e  t o  i n t e g r a t e  by p a r t s  between 
'T a.nd v and Q and i n f i n i t y ,  Between v and 0 no th ing  
mcre  an be done t o  s i m p l i f y  the i n t e g r a l s .  
Case I1 i s  handled i n  exac t ly  t h e  same manner; v i s  chosen 
betweer, 7 and TWt*,, and Q i s  chosen between %, in and 7 2  . 
d 4% Case 111 i s  simple because nowhere on t h e  t r a j e c t o r y  does -3 Trc 
becoiw z e r o ,  Thus, t h e  i n t e g r a t i o n  by p a r t s  i s  used t o  s impl i fy  t h e  
expressiol is ,  
I n  the  d e r ? .  a t i o n  o f  the  f i v e  bas ic  func t ions  Eqns. (2 .1 -7 )  
i h ~ c , u &  ( 2 n l - 1 2 > j  i t  is  m c e s s a r y  t o  cons ider  t h e s e  t h r e e  cases  a l s o ,  
Whi le  t h e  choice  o f  v and Q i s  immater ia l ,  s u b j e c t  t o  the  
Gbove l-Lmitatic;r;s, they  a r e  defined f o r  convenience a s  
Case 1: 
(5 9 4- 3 )  
The i n t e g r a t i o n  i s  clone us ing  t h e  Meller-Gauss method, just a s  
f o r  the  monoconic p c t e n u i a l .  I n  the  i n t e g r a t i o n s  from v t u  @ 
t h e  Mehler-Gauss i s  a l s o  used. 
The i n t s g r a t i o r :  nver  t h e  impact parameter i s  a l s o  complicated 
by the  existents of the maximum and minimum i n  t h e  e f f e c t i v e  
p o t e n t i a ? .  For e n e r g i e s  above E *=a t h e  in t eg rands  become ve ry  
6 7  
, m d l l  r a p i d l y  f o r  i n c r e a s i n g  b* Thus, t h e  upper l i m i t  of 
i n t e g r a t i o n  is t aken  t o  be b*= 3 
i n  t h e  r a n g e , k < E * I J  t h e  i n t e g r a t i o n  over 
r e g i o m  (0, 1.8) 3nd ( 1 . 8 , 4 ) "  
and no t  bsoo . For e n e r g i e s  
b* i s  broken i n t o  t h e  
F i n a l l y ,  f o r  f%.s t h e  i n t e g r a t i o n  
Cive r b* i s  b roken  i n t o  t h r e e  p a r t s :  f romd'=o t o  a va lue  of b" 
such chat t he  maximum of +* i s  j u s t  t angen t  t o  t h e  energy l i n e ,  
from t h e  l a t t e r  p o i n t  t o  t h e  v a l u e  of b * such t h a t  t h e  minimum of 
9 * i s  j u s t  t angen t  t o  the  energy l i n e ,  and from t h i s  p o i n t  t o  
;I( b = 4 . I n  a l l  o f  t h e s e  c a s e s  t h e  Gauss-Legendre method of 
numerical i n t eg r  a t  i o n  i s  used. 
@w 
S i nce t.he a r e  of i n t e r e s t  i n  themselves,  a change of 
QQF a r e  
vari .sbl?s i s  made i n  t h e  omega i n t e g r a l s  so  t h a t  t he  
c a l c u l a t e d  a s  il f u n c t i o n  o f R ,  E *  . This  was advantageous 
because t h e  
v a r i a b l e s  i s  Z z _ k  and t h e  omega i n t e g r a l s  a r e  
change slowly fo r  l a r g e  E . The change of  $&I* 
( 5 . 4 - 4 )  
The i n t e g r a l s ,  for v a r i o u s  1 a n d A  a r e  c a l c u l a t e d  u s i n g  Hardy's 
r u l e .  The h i g h e s t  temperature f o r  which t h e s e  i n t e g r a l s  may be 
32 
a c c u r a t e l y  c a l c u l a t e d  depends on the  r ange  of e n e r g i e s  used i n  t h e  
c a l c u l a t i o n  o f  t h e  i n t e g r a l s .  I n  o rde r  t o  e s t i m a t e  t h e  e r r o r  
due  t o  t r u n c a t i n g  t h e  range  of E " ,  a n  i n t e g r a t i o n  can be done 
4 Q ) X  
( fo r  a l l  of t h e  tempera tures  cons ide red )  wi.th a l l  of t h e  s e t  
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'I 
e q u a l  t o  un i ty .  
(with @ 
of t h e  t r u n c a t i o n  e r r o r .  
S ince  t h e  i n t e g r a l  of t h e  f u l l  r ange  i s  u n i t y  
= i), t h e  d e v i a t i o n  from u n i t y  s e r v e s  as a good e s t i m a t e  &I * 
A l l  of t h e  numerical  work was c a r r i e d  ou t  on t h e  CDC 1604 
computer a t  t h e  U n i v e r s i t y  of  Wisconsin Numerical Analys is  Laboratory.  
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CHAPTER V I  
DISCUSSION OF RESULTS 
I n  t h i s  chap te r  t he  r e s u l t s  of t h e  numerical  e v a l u a t i o n  of t h e  
4'':nd t h e  _nc",n,Tre presented  f o r  t h e  t h r e e  p o t e n t i a l s  s t u d i e d  
i n  t h i s  t h e s i s .  For t h e  square w e l l  p o t e n t i a l  t h e  c l a s s i c a l  and 
c l a s s i c a l  l i m i t  exp res s ions  for t h e  @'I* a r e  compared. A 
coniparison i s  a l s o  made of t he  h igh  reduced energy and tempera ture  
/-P,-4 * 
values of t-he @@)+and the  €or the  (12-6) p o t e n t i a l  
w i t h  the  r e s u l t s  of  t:;e p e r t u r b a t i o n  expansion. Both of t h e s e  
l a t t e r  developm.er!ts a r e  explored. 
Tables of and OTZ'*as func t ions  of t h e  reduced 
energy a r e  presented  a long  with t h e  flkA):or ( / ) A )  e q u a l  t o  
reduced t e n y e r a t u r e  f e r  t h e  (12-6)  p o t e n t i a l .  Various p l o t s  a r e  
a l s o  p resen ted  
1. The Square Well P o t e n t i a l  
F igu re  ( 6 , l - 2 )  shows €or t h e  square  w e l l  p o t e n t i a l  t h e  c l a s s i c a l ,  
t he  c l a s s i c a l  l i m i t ,  and t h e  quantum 
c A- fp' - ITE! n f  + h e  same form and so  
t h i s  cornpar i s o n )  The l i m i t i n g  forms, 
Q"'* f o r A *  = 1 
only @" *is p resen ted  i n  
( t h e  p l o t s  
Q t ) * a n d  Qc"*, 
d i scussed  in Zhaptler 111, are  a l s o  i l l u s t r a t e d  i n  t h i s  p l o t .  The 
quant.urn Q''*is smooth down t o  a reduced energy of about  .95 
and then  beg ins  t o  o s c i l l a t e ,  f i n a l l y  becoming ve ry  l a r g e  (p robab ly  
g o i n g  t o  i n f i n i t y )  ar. low reduced 
Figure (6 .1-3)  a g a i n  shows 
Q;",~-J-* = .51  The quantum 
ener  gy . 
curve has  many more 
a long  w i t h  
o s c i l l a t i o n s  
f o r  t h i s  v a l u e  of A* than  f o r A  = 1. The o s c i l l a t i c n s  begin 
higher  on the reduced energy s c a l e ,  a r e  much s h a r p e r ,  and t h e  peaks 
a r e  n o t  as  high.  
f i l *  
The g e n e r a l  t rend  i s  t h a t  @p i s  lower f o r  
* A" = .5 than  f o r - h  = 1. 
F i n a l l y ,  F i g .  (6 .1-4)  shows t h e  same q u a n t i t i e s  f o r L C  = . I t  
A t  t h i s  low v a l u e  o f  Ay t h e  o s c i l l a t i o n s  appear t o  be almost  
wiped ou t .  Again t h e  g e n e r a l  t rend  i s  t h a t  t h e  quantum curve  i s  
lo ,vc>i2  becornirig l a r g e  a t  an extremely low reduced energy.  Because 
of  computer t i m e  requi rements  i t  was impossible  t o  go t o  lower 
v a l u e s  o f  A* . 
Figure ( 6 . 1 - 5 )  i s  a p l o t  of t h e  p a r t i a l  sums ( see  Eqn. ( 2 . 1 - 1 ) )  
Eqn. (5 .2-1)  we s e e  t h a t  
(R+ $)-A * =  ( 6 , l - 1 )  
an3 thus  (R+ 4)J!-* i s  a c o n s t a n t  f o r  f i x e d  energy.  Thus, t h e  
same sca l e  on t h e  absc issa  can be used f o r  a l l  v a l u e s  o f A *  . The 
p a r t i a l  sums a l l  become g r e a t e r  t h a n  t h e  c l a s s i c a l  l i m i t  b e f o r e  t h e  
t h r e e  turn ing  p o i n t  r e g i o n  i s  reached .  The c o n t r i b u t i o n  from t h e  
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t h r e e  curning po in t  r e g i o n  i s  very smal l  f o r  smal l  va lues  o f A  
As a mat te r  of fac t ,  most of the c o n t r i b u t i o n  t o  t h e  @ g T o m e s  
. 
from a r e g i o n  near t he  top  of the w e l l .  This  may be a d i f f r a c t i o n  
e f f e c t  caused by t h e  sharpness  of w e l l .  
The r e s u l t s  presented  here a r e  somewhat i nconc lus ive .  A t  h igh  
reduced ene rg ie s  the quantum, c l a s s i c a l  l i m i t ,  and c l a s s i c a l  curves  
appear t o  approach a common l i m i t ,  w i th  t h e  quantum curve approaching 
from t b e  came s i d e  as the  c l a s s i c a l  l i m i t .  A t  lower reduced ene rg ie s  
and lower va lues  cf -,$* however, t h e  quantum curve moves i n  
between the  classl.c.al l i m i t  and the  c l a s s i c a l  cu rves .  
Whiie t h i L  ! , o t en t i a l  gives  n i c e  i n t e g r a l s  i n  t h e  c l a s s i c a l  
i i r n l t ,  i t  w c v l d  be d i f f i c u l t  t o  cons ider  the  h igher  terms i n  the  
s e r i e s  because t h e  p o t e n t i a l  does not  possess cont inuous d e r i v a t i v e s .  
It may be, then,  t h a t  t h i s  comparison i s  not  v a l i d  because the  
s e r i e s  u s ing  t h i s  p o t e n t i a l  may not  have a c l a s s i c a l  l i m i t  ( t h a t  i s ,  
t h e  s e m i c l a s s i c a l  development may not  be v a l i d  f o r  t h i s  p o t e n t i a l  
because of t he  d iscont inuous  d e r i v a t i v e s ) .  
This  view i s  supported by  calculation^^^ f o r  the Lennard-Jones 
(12 -6 )  p o t e n t i a l .  For t h i s  d i f f e r e n t i a b l e  p o t e n t i a l  t h e  c l a s s i c a l  
iimit of t h e  pVi;?se s h i f t  does agree  w i t h  the  quantum c a l c u l a t i o n s  
i n  the th ree  t u r n i n g  p o i n t  reg ion .  
With t h i s  czpfidence i n  the  v a l i d i t y  of the  c l a s s i c a l  l i m i t  
we proceed t o  a more r e a l i s t i c  p o t e n t i a l .  
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2 .  Purely Repulsive P o t e n t i a l s  and t h e  P e r t u r b a t i o n  Expansion 
Equation (4 .2-3)  g ives  as a double s e r i e s  i n  4.r 
and 2 . Since  A i s  simply an  o r d e r i n g  parameter i t  i s  se t  
equa l  t o  u n i t y  a t  t h i s  p o i n t .  Also, f o r  dimensional r easons  R i s  
@ I  * 
rep laced  by-/2-* . I n  terms of t h e  c a l c u l a t e d  c o e f f i c i e n t s  
and a r e  
-3  *-I - 3 *,L) w 4  w l  0"': 1.3180 E-$ + 3.4609 x 10 E -I- 4.7294 x 10 E (A! +. . . 
(6 .2-1)  
-+ . . . .  
2 -1 "--2C*. 3 . 
-8.6472 x lO-'L '-5 - 1.4923 x 10 E 
+1.6120 E*-$ + . . . 
+ , . .  
(6 .2-2)  
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The terms i n  t h e s e  express ions  a r e  w r i t t e n  i n  t h e  same order  as 
Eqn. (4 .2 -3 ) ,  
Some gene ra l  f e a t u r e s  a r e  common t o  both  of t h e s e  expansions.  
The f i r s t  ''row" of  numbers con ta ins  only p o s i t i v e  numbers ( a t  l e a s t  
through terms i n  A#', the  second "row" numbers a r e  a l l  nega t ive ,  
and t h e  t h i r d  row has one p o s i t i v e  number. S ince  t h i s  occurs  i n  
both cases  i t  leads  t o  the conclusion t h a t  t h i s  may be a g e n e r a l  
r u l e .  A s tudy  of t he  r e s u l t s  fo r  t h e  Lennard-Jones (12-6) p o t e n t i a l  
a t  h igh  reduced energy suppor ts  t h i s  conclus ion .  The asymt0ti .c 
QO)" t han  @* 
na tu re  of t h e  expansions i s  a l s o  apparent ,  moreso i n  
because of  the  much g r e a t e r  c o e f f i c i e n t s .  
A t  h igh reduced ene rg ie s  t h e s e  s e r i e s  expres s ions  should 
approach t h e  corresponding c l a s s i c a l  l i m i t  and second and f o u r t h  
quantum c o r r e c t i o n s  for  t he  Lennard-Jones (12-6) p o t e n t i a l .  A t  a 
reduced energy of 630.96 the comparison of *is 
q!!* = .45003 
-. 00585 3 02" - =  
(6 .2-3)  
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For the  comparison i s  
S um 
QFl!'= . 5 4 4 2 0  
( 6 . 2 - 4 )  
= . 5 3 3 3 2  . 5 3 2 9 2  
I n  both cases  t h e  e r r o r  i s  i n  t h e  f o u r t h  p l a c e .  Both va lues  
obtained from the  p e r t u r b a t i o n  expansion a r e  higher  t han  the  
corresponding r e s u l t  fo r  the  Lennard-Jones p o t e n t i a l .  I f  t h e  
s e r i e s  i n  the  c l a s s i c a l  l i m i t  i s  a l t e r n a t i n g  ( a s  i s  i n d i c a t e d  by 
the  f i r s t  t h r e e  te rms) ,  t he  f o u r t h  t e r m  would be nega t ive  and 
make the agreement even b e t t e r .  Thus, even a t  t h i s  h igh  energy 
a t  l e a s t  four terms i n  the  s e r i e s  a r e  needed f o r  e x c e l l e n t  
agreement . 
A t  t h e  same energy the  comparison f o r  Qz)" i s  
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S um 
-6 Q')*= +5.4851 x 10 
(6.2-5) 
= 1.4806 x &)y%_J = 1.3351 x 
For  @*the comparison is  
ct, * 0.b = 6.1993 x 
(6.2-6) 
S urn 
C/) * 
These r e s u l t s  appear somewhat s u r p r i s i n g  s i n c e  f o r  
of  che LWU irrulb Iii t k  p c r t n r b s t i ~  series _gives a r e s u l t  g r e a t e r  
than  t h e  r e s u l t  fo r  t h e  Lennard-Jones p o t e n t i a l  wh i l e  fo r  &* 
Qn t he  sum 
t h e  oppos i t e  i s  t r u e .  An a n a l y s i s  of t he  behavior of t he  r e s u l t s  
f o r  t h e  Lennard-Jones p o t e n t i a l  as a func t ion  of t h e  energy e x p l a i n s  
t h i s  seemingly anomolous behavior.  Up t o  a reduced energy of about 
. 
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44 both &'*and 
negat ive .  A t  a reduced energy s l i g h t l y  g r e a t e r  t h a n  44 qz 
a r e  nega t ive ,  bu t  becoming less 
(?I* 
becomes p o s i t i v e  and cont inues  t o  become g r e a t e r .  A t  a rec'uced 
energy of about 1 1 2  goes through a maximum and begins  t o  
decrease and approaches t h e  p e r t u r b a t i o n  r e s u l t  from above. The 
behavior of Qg'" appears  t o  be t h e  same, but  O g * d o e s  no t  
become p o s i t i v e  u n t i l  about 631 on t h e  reduced energy s c a l e .  
Thus, i t  probably does n o t  r e a c h  a maximum u n t i l  a much greater 
ener  gy . 
(1) * 
A t  a reduced energy of 630.96 t h e  comparison for  Qa i s  
(if: 3 . 4 7 9 2  x 10 -' a%,= 4.2263 x (6.2-7)  
For &:he comparison i s  
(6.2-8)  
In  both  c a s e s  t h e  r e s u l t  f o r  t h e  Lennard-Jones p o t e n t i a l  i s  above 
and decreas ing  t o  t h e  p e r t u r b a t i o n  se r ies  r e s u l t  
This p e r t u r b a t i o n  se r ies ,  l i k e  most p e r t u r b a t i o n  se r ies ,  
probably behaves a s y m p t o t i c a l l y .  That i s ,  a s  lower reduced e n e r g i e s  
a r e  considered the higher  terms i n  t h e  ser ies  become l a r g e  and 
overwhelm t h e  f i r s t  few terms i n  t h e  se r ies .  However, f o r  a f i n i t e  
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number of terms and f o r  high enough reduced energy the  f i n i t e  s e r i e s  
behaves n i c e l y .  The s e r i e s  for t h e  c l a s s i c a l  l i m i t s  ( t he  f i r s t  
columns of Eqns. ( 6 . 2 - 1 )  and (6 .2 -2) )  a r e  much b e t t e r  behaved than  
t h e  s e r i e s  f o r  t h e  quantum c o r r e c t i o n s .  Likewise i t  appears  t h a t  
t h e  series f o r  t he  f i r s t  quantum c o r r e c t i o n s  a r e  b e t t e r  t han  t.hose 
fo r  t h e  second quantum c o r r e c t i o n s .  From t h i s  behavior i t  seems 
t h a t  t h e  s e r i e s  i s  asymtot ic  i n A *  a s  w e l l .  This  i s  t o  be 
expected s i n c e  t h e  phase s h i f t  s e r i e s ,  which i s  the  b a s i s  f o r  t h i s  
The p e r t u r b a t i o n  s e r i e s  for  and _R(& 2) * are 
roughly  the  samt ,  comparatively,  a s  t h a t  fo r  and 
"he r e s u l t s  Carl no t  be expected t o  be as good because t h e  omega 
i n t e g r a l s  a r e  t ransforms on the energy and thus  have cont r i .bu t ions  
from an energy range  ( see  Eqn, ( 2 . 3 - 1 ) ) .  
2 0, P 
I n  terms of t h e  ca l cu la t ed  q u a n t i t i e s  the  s e r i e s  f o r  
( 2 ) 2 1 *  
and a r e  
2 3 -1 # - -  5 ( 6 -  2-9) -2 .5697 x 10 - 2.8124 x l o e 2  r * - T A w l  + . - .  
7 - 1 "r I -. - +4.1975 x 10 6 + . . .  
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2 -2~*fA*~+ (6 .2-  10) -4.0013 x 1O-'Tyi-3 -3.3062 x 10 . a .  
7 -1 .T * -7  +7.1597 x 10 
A t  a reduced temperature  of  50 the  comparison of f l c ( : / / l *  
from t h e  p e r t u r b a t i o n  ser ies  w i t h  t h a t  of t he  Lennard-Jones 
p o t e n t i a l  i s  
(6 .2 -11 )  
S urn 
f z ,  z)+ 
t h e  comparison i s  
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. 
a?:’” = .67615 
(6.2-12)  
Sum = .65413 L-;T = .64924 
O)* 
As i n  t h e  case  of t h e  Q.LL t h e  agreement i s  ve ry  good. However, 
t he  agreement i s  not  q u i t e  a s  good, as i s  expected from t h e  
comments above. 
0, I ) *  
For t h e  comparison a t  a reduced temperature  of 50 i s  
-GY* = 3.4608 x 
S um 
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( 2 1 2 1  * 
For fl, t he  comparison i s  
(6.2-14) 
Sum 
These r e s u l t s  emphasize the  remarks above concerning t h e  behavior  of 
t h e  ig. y e l a t i o n  t o  t h e  t ransform n a t u r e  of t h e s e  i n t e g r a l s ,  
The agreement for  R$")*is f a i r ,  b u t  n o t  q u i t e  as good as 
(Q>A) * 
&?* ; the  agreement fo r  i s  poor,  even poorer  than 
f o r  @ $ I * ,  
0 , d  * For the  comparison a t  t h i s  reduced temperature  i s  
(/,/I * 
fl LP = 1.6841 x 10 = 6.0885 x lo4 (6.2-15) 
(2,d * 
For ar, t he  comparison i s  
a';'' = 1.3649 x loe6 fl, h v  u! k, = 3.1129 x 10' (6 .2-16)  
-e P- TRe agreement he re  i s  ex t remely  poor, e s p e c i a l l y  f o r  
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The r eason  fo r  t h i s  i s  aga in  the na tu re  of the  omega i n t e g r a l s ;  
they have c o n t r i b u t i o n s  from a l l  e n e r g i e s .  The 
extremely l a r g e  a t  low reduced ene rg ie s  and weight  the 
Q"* TJ become 
h e a v i l y  even a t  a reduced temperaturp of 5 0  ( t h e  behavior  of t h e  
Q')* fo r  t h e  Lennard-Jones p o t e n t i a l  i s  d iscussed  i n  t h e  next  
s e c t i o n s ) .  
I n  gene ra l ,  t h e  comparisons a r e  q u i t e  good. This  c r e a t e s  
confidence i n  both  t h e  p e r t u r b a t i o n  c a l c u l a t i o n s  and t h e  c a l c u l a t i o n s  
f o r  t he  Lennard-Jones p o t e n t i a l .  Not on ly  do t h e  h igh  reduced 
energy c.heck but  the  high reduced temperature  behavior o f  
the A-2 @*)* i s  a s  expexted,  which se rves  somewhat as a check on 
the  of  lower reduced energy. 
Q f i )  * 
@Gel* 
The crossover  of @&* and @2L4 which i s  touched upon i n  
the  i n t r o d u c t i o n  t o  Chapter I V  i s  d iscussed  i n  the  next  s e c t i o n .  
3. The Lennard-Jones (12-6)  P o t e n t i a l  
The e x i s t e n c e  of a minimum i n  the  p o t e n t i a l  f u n c t i o n  has a very  
marked e f f e c t  on t h e  low energy behavior of t h e  0"': which d i f f e r s  
g r e a t l y  from t h e  low energy behavior f o r  t h e  monotonic p o t e n t i a l .  
i n c l u s i o n  of t he  inner  r eg ion  i n t o  t h e  T i n t e g r a t i o n  f o r  reduced 
e n e r g i e s  below . 8  i s  probably t h e  most profound r e s u l t  of t h e s e  
c a l c u l a t i o n s .  The e f fec ts  on the  c l a s s i c a l  l i m i t s  of q ' l z n d  
p a r e  markedly d i f f e r e n t .  I n  the  t h r e e  t u r n i n g  p o i n t  r e g i o n  
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the  c l a s s i c a l  l i m f t  cf 9 ‘ f ’ *1s  always g r e a t e r  t han  t h e  c l a s s i c a l  
va lue .  For @‘)*the s i t u a t i o n  i s  no t  s o  s t r a i g h t f o r w a r d .  For a 
reduced energy o f  “ 8  down t o  about  , 3  t he  c l a s s i c a l  l i m i t  is s l i g h t l y  
l e s s  than the  classical value .  Below a reduced energy o f  about -3 , 
however, t he  c l a s s i c a l  Zirnrt 1s grea te r  than  t h e  c l a s s i c a l  va lue  
01 
It may be p o s s i b l e  t o  e x p l a i n  t h i s  i n c r e a s e  i n  
i n  
QCL, and decrease  
0‘::” by examining the i n t e g r a l s  f o r  the c l a s s i c a l  l i m i t s .  
The c l .ass ica1  l i m i t s  O f  Eqns, (2 .2-17)  and ( 2 . 2 4 8 )  ma.y be w r i t t e n  
r- 
(6 .3-1)  
S ince  i n  @:’ t he  In tegrand  involves  LY~ lpzo 
i s  always l e s s  than or  equa l  t o  b . However, i n  @:*the 
the  in tegrand  
integrand involves  j u s t  C B Z 2 2 ~ 0 a n d  t h u s  can be a s  g r e a t  a s  2 b 
I t  may be, then, t h a t  the inner  r e g i o n  c o n t r i b u t e s  j u s t  enough to’;L;,sb 
a l t e r  the in t eg rands  so  as t o  reduce C L  and i n c r e a s e  CL. i n  
QO)$ 
t h e  range of e n e r g i e s  frcm - 3  t o  .8 I P l o t s  of ihe c l a s s i c a l  and 
c l a s s i c a l  l i m i t s  of a r e  ahiwn i n  F i g s .  ( 6 . 3 - 1 )  
0‘” f 
and (6 .3 -2 ) .  
Since t h e  c l a s s i c a l  1irni.t~ o f  the  a r e  d i f f e r e n t  from 
the  c l a s s i c a l  va lues  below a reduced energy of “ 8 ,  t h e  c l a s s i c a l  
fi 0,-9 )* 
l i m i t s  of t he  d i f f e r  from the  c l a s s i c a l  values over an 
extended range  o f  t empers iure .  The c l a s s i c a l  l i m i t  of 
88 
i s  g r e a t e r  than  t h e  c l a s s i c a l  vhlene up t o  a r e d w e d  temperature  of 
about  5 A t  a reduced temperat-..xe of . 2  t he  c l a s s i c a l  limit i s  
about 20 per cen t  l a r g e r  t han  the c l a s s i c a l  value,  T h i s  d i f f e r e n c e  
dec reases  r a p i d l y  and i s  only abcut 4 per  c e n t  a t  a reduced 
temperature  of .5 .  
One a s p e c t  of t h i s  increase  i n  t h o  classics1 1in i . t  over the  
c l a s s i c a l  va lue  of i s  p a r t i c u l a r l y  i n t e r e s t i n g ,  I n  a 
quantum nc-chanical c a l c u l a t i o n  of t h e  omega i n t e g r a l s ,  Imam-Rahajoe, 
Curtkss ,  and Berns t e in  found t h s t  f o r  reduced temperatures  
1 2  
(1 ,  11 + between . 3  and 5 the  c a l c u l a t e d  f a r A  = 3 was less 
Y 
ca lc i l la red  for-/2. = 1. For reduced temperatures  grester than  . 6  
t h e  c l a s s i c a l  va lues  of as  c a l c z l a t o d  by Monc hfck  and 
* 
c a l c u l a t e d  iorJ = 1. 33 Mason a r e  g r e a t e r  than the  
However, f o r  reduced t enpe ra tu r2s  between . 3  and 6 t h e  c l a s s i c a l  
va lues  a r e  l e s s  t han  t h e  c a l c u l a t e d  for_/;1*= 2 But the  
n Ci, I)+ 
c l a s s i c a l  
fo r  A*= 
t o  .1 . 
l i m i t  as c a l c u l a t e d  i n  this r h e s i s  is greater than  -(.! 
1 over the  e n t i r e  range of reduced temperatures  down 
Below a reduced temperature of about .I t h e  
fo r  t he  va r ious  va lues  of c r o s s  one another  and t h e  order  i s  
not  t h a t  descr ibed  above, 
The c l a s s i c a l  l i m i t  o f  i s  p r a c t i c a l l y  equa l  to t h e  
e Above a reduced temperature  of - 2  ( Z , Z  >” c l a s s i c a l  va lue  o f  4
t h e  c l a s s i c a l  l i m i t  is s l i g h t l y  g r e a t e r ;  %,elow . 2  -Ct i s  cons ide rab ly  
g r e a t e r  than t h e  
i s  g r e a t e r  than  t h e  ~1as : : ca I  value, i t  is n o t  la rge  encagh t o  be 
below about .h I 
The g e n e r a l  n a l ~ r e  n? t h e  quantum ca-:’iectLt.r. L‘ tte 
i s  t h a t  they  a r e  q u i t e  l a r g e  f o r  reduced ene ;g i r z  Leis b ( i n  
t h e  t h r e e  t u r n i n g  p c i n t  r e g i o n )  and w e l l  behsved and s m l l  f o r  
reduced e n e r g i e s  above - 8  a That t h i s  is t h e  case i q  n o t  t o o  
s u r p r i s i n g  because i t  was suspected from t h e  begi;in;.ng t h a t  izhe 
series was asy.nr8 L 1 \ - .  
The quarlc sill ~ ~ ; ~ r ~ c t i o r i s  t o  t he  omega i n t e g r a l < -  I a s  would be 
expected, a t ‘  sm.-lI 1 at h i g h  reduced temperature< arid ;ar ge a t  low 
reduced temperat $11 e s ,  T h e  terms i n  a r e  except ions  t o  t h i s  
and a r e  somewhat d i s 2 p p c i n t f n g  i n  t h a t  they  LIKE: large even a t  
reduced temper s t  iirtcc cPf 50 
with  
/-b 6w* 
A comparison c?f t h e  quantum c o r r e c t i o n s  f o r  - 
1 1 , I L  previous l y  pub 1 1 s h e3 q ~ a n t u n ;  mechanical 1 e s u l t s  fo r  f i x e d  
v a l u e s  o f A w  i s  d i f f i c T j l t  because of t h e  magnitude of  quantum 
c o r r e c t i o n s .  T h e  teras.  l i nea r  and cubic  in- -Aw’ are n e g l i g i b l y  
smal l  except a t  low values  of t h e  reduced temperature  where a l l  
of t h e  other  quantum zorrections are even l a r g e r .  
q u a d r a t i c  i n n Y  
c o r r e c t i o n s ,  T ( ~ ) t h  -_ 0, 2nd 
behavior of t h e i r  respcc  t-ive 
Are t h e  mast i n t e r e s t i n g  of t h e  
0) t )  + 
@. . However 
The terms 
ce  ly  t h e  
both a r e  so 
90 
sz?all a t  high r e d u c e d  r r spe r  htw-es IZI corruparisc-? t e  t h e i r  r e s p e c t f v e  
c l a s s i c a l  l i m i t s ,  t h a t  except  ffir Large A* ( e n g o ,  a b w t  A* = 4 
which i s  u n r e a l i s t i c  for  l a rge  reduced tempera tures)  t hey  a r e  of 
t h e  same magnitude as t h e  qmei i c a l  u n c e r t a i n t y  ~ T - I  t h e  c l a s s i c a l  
l i m i t s .  E~ren so ,  as was shown by t h e  p e r t u r b a t i c n  c & l z n i a t i o n s  i n  
the  l a s t  s e c t i o n ,  t h e s e  va lues  o f  &SA ’&and 
probably c o r r e c t .  
0, -I I+ 
Sf t h e  magnitude of t h e  -(rn i s  S ? E C ~  rR2.t the r e s u l t s  
canriot be checked a t  h i g h  Ieduced t empera tu res ,  t h e i r  s igns  o f f e r  
f u r t h e r  c o n i i i  r i i e t ~ r ~  t.1 - t  they a re  c o r r e c t  The qirantum c a l c u l a t i o n  
1 1 , 2 2  
o t  . J l f i i  l)r r’l (. )L ?* 
d i d  . show t h a t  f o r  r e d u c e d  tempera ture  of 
i s  less  t h a n ,  znd 
g r e a t e r  than t h e  corresponding c l a s s i c a l  values The s i g n s  of 
and a t  a reduced temperature of 50 confirm 
t h i s .  
A t  lower va lues  of t h e  reduced temperature t h e  e f f e c t  of t h e  
fer  reduced e n e r g i e s  below 
R % ) ” t o  a ve ry  flZ’‘)* 
@4,-4* 
very  l a r g e  Q$) )r and QZ)* 
.8 weights  t h e  quantum c o r r e c t i o n s  a, dnd 
g r e a t  e x t e n t .  This  i s  p a r t f c u l a r l y  n o t i c e a b l e  ir? 
which i s  p o s i t i v e  f o r  redr;ced tempera tures  l e s s  than 13 i n s t e a d  of 
becoming i n c r e a s i n g l y  nega t ive  a t  lower v a l u e s  of t he  reduced 
temperature as the  quantum cal.zu1atinns i n d i c a t e  i t  should .  On 
t h e  o the r  hand, fig'):? t o o  nega t ive  a t  t h e  low reduced 
temperature end ,  Below a reduced temperature of a b a u t  2 t h e  
9 1  - 
L 
reduced teiii;>erattire r a n g e  was extended f u r t h e r  The cxossever from 
an energy SI.: kt:dh r h i t  the quantum c o r r e c t i o n s  a r e  d b 3 b t  1-121 compared 
